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DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS 


CHUNGHOON KIM 


Abstract. In this paper, we study deformations of compact holomorphic Poisson submanifolds which ex¬ 
tend Kodaira’s series of papers on semi-regularity (deformations of compact complex submanifolds of codi¬ 
mension 1) f lKS59h . deformations of compact complex submanifolds of arbitrary codimensions ( IKod62l l. 
and stability of compact complex submanifolds ( IKod63l l in the context of holomorphic Poisson deforma¬ 
tions. We also study simultaneous deformations of holomorphic Poisson structures and holomorphic Poisson 
submanifolds on a fixed underlying compact complex manifold. In appendices, we present deformations 
of Poisson closed subschemes in the language of functors of Artin rings which is the algebraic version of 
deformations of holomorphic Poisson submanifolds. We identify first-order deformations and obstructions. 
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1. Introduction 

In this paper, we study deformations of compact holomorphic Poisson submanifolds which extend Ko¬ 
daira’s series of papers on semi-regularity (deformations of compact complex submanifols of codimension 1) 
( [KS59] b deformations of compact complex submanifolds of arbitrary codimensions ( [Kod62] b and stabil¬ 
ity of compact complex submanifolds ( [Kod63] l in the context of holomorphic Poisson deformations. We 
will review deformation theory of compact complex submainfolds presented in [KS59] . [Kod62) . [Kod63] . and 
explain how the theory can be extended in the context of holomorphic Poisson deformations. 

Let us review deformations of compact complex submanifolds of codimension 1 of a complex manifold 
presented in [KS59j where Kodaira-Spencer proved the theorem of completeness of characteristic systems of 
complete continuous systems of semi-regular complex submanifolds of codimension I. For the precise state¬ 
ment, we recall the definitions of a complex analytic family of compact complex submanifolds of codimension 
1, and maximality (or completeness) of a complex analytic family: 

Definition 1.0.1. Let W be a complex manifold of dimension n -I- 1. We denote a point in W by w and 
a local coordinate of w by {w^, By a complex analytic family of compact complex submanifolds of 

codimension 1 of W, we mean a eomplex submanifold V C W x M of codimension 1 where M is a complex 
manifold, such that Vt x t := uj~^{t) = V H 7r“^(t) for each point t € M is a connected compact complex 
submanifold ofW x t, where w : V —>■ M is the map induced from the canonical projection tt : W x M ^ M, 
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and for each point p £ V, there is a holomorphic function S{w, t) on a neighborhood tip of p in W x M such 
that I ^ 0 at each point in Up fl V, and UpCiV is defined by S{w, t) = 0. 

Definition 1.0.2. Let V <Z W x M ^ M be a complex analytic family of compact complex submanifolds 
of W of codimension 1 and let to be a point on M. We say that V ^ M is maximal at to if, for any 

complex analytic family V' <Z W x M' M' of compact complex submanifolds of W of codimension 1 
such that uj~^(to) = u!'~^{tQ),tQ £ M', there exists a holomorphic map h of a neighborhood N' of Iq on 
M' into M which maps tg to to such that uj'~^{t') = uj~^{h{t')) for t' £ N'. We note that if we set a 
holomorphic map h:WxN'^WxM defined by {w,t') {w,h{t')), then the restriction map of h to 

V'Ijv' = (ZW X N' defines a holomorphic map V'Iat' ^ V so that V'Iat' is the family induced from 

V by h, which means V M is complete at to- 

Given a complex analytic family VcWxM-^Moi compact complex submanifolds of codimension 
1, each fibre Vt = uj~^{t) of V for t Z M defines a complex line bundle A/j on W. Then infinitesimal 
deformations of Vt in the family V are encoded in the cohomology group H^{Vt,J\ft\vt), can define 

the characteristic map (see |KS59] p.479-480) 

In [KS59] . Kodaira-Spencer defined a concept of semi-regularity, and showed that the semi-regularity is ‘the 
right condition’ for ‘theorem of existence’ and thus ‘theorem of completeness’ for deformations of compact 
complex submanifolds of codimension 1 as follows. 

Definition 1.0.3. Let Vq be a compact complex submanifold of W of codimension 1 and A/q be the com¬ 
plex line bundle over W determined by Vq- Let rg : A^ —>■ A/o|vb be the restriction map which induces a 
homomorphism Vq : H^{W,No) A/o|v(,). We say that Vq is semi-regular if rQH^{W,J\fo) is zero. 

Theorem 1.0.4 (theorem of existence). If Vo is semi-regular, then there exists a complex analytic family 

V C W X M M of compact complex submanifolds of W containing Vo as the fibre a;“^(0) over 0 £ M 
such that the characteristic map 

pap-.ToM ^H\Vo,Mo\vo) 

is an isomorphism. 

Theorem 1.0.5 (theorem of completeness). Let V zW x M ^ M be a complex analytic family of compact 
complex submanifolds of W of codimension 1 . If the characteristic map 

Pd,o:ToM (Vo,JfoWo) 

is an isomorphism, then the family V ^ M is maximal at the point t = 0. 

In section [5J we extend the concept of semi-regularity and prove an analogue of theorem of existence 
(Theorem ll.O.ip and an analogue of theorem of completeness (Theorem ll.O.Sp in the context of holomor¬ 
phic Poisson deformations. A holomorphic Poisson manifold IT is a complex manifold whose structure 
sheaf is a sheaf of Poisson algebras0 A holomorphic Poisson structure on W is encoded in a holomorphic 
section (a holomorphic bivector field) Ag £ II°{W, A^T]^) with [Ao,Ao] = 0, where is the sheaf of 
germs of holomorphic vector fields, and the bracket ] is the Schouten bracket on W. In the sequel 
a holomorphic Poisson manifold will be denoted by (IT, Ag). Let T be a complex submanifold of a holo¬ 
morphic Poisson manifold (IT, Ag) and let i : T ^ VT be the embedding. Then V is called a holomorphic 
Poisson submanifold of (IT, Ag) if T is a holomorphic Poisson manifold and the embedding i is a Poisson 
map with respect to the holomorphic Poisson structures. Then the holomorphic Poisson structure on V 
is unique. Equivalently a holomorphic Poisson submanifold V of (IT, Ag) can be characterized in the fol¬ 
lowing way: let V be covered by coordinate neighborhoods Wi,i £ / in W. We choose a local coordinate 
{wi, Zi) := {wj ,..., wl, z], ..., zf) on each neighborhood Wi such that w] = ■ ■ ■ = wl = 0 defines TflfT. Then 
T is a holomorphic Poisson submanifold of (VT, Ag) if the restriction [Ag, wf]\vnUi of [Ag, wf] io V ZUi is 0, 
i.e. [Ag,w“]|vn(7i := [Ag, u>“] |„.=g = 0,a = l,...,r, or [Ag,w“] is of the form: [Ag,n;“] = zi) 

for some Tf^{wi,Zi) £ T{Wi,Tw). 


^We refer to [LGPV13) for general information on Poisson geometry 
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Now we explain how we can extend the theory of deformations of compact complex submanifolds of 
codimension 1 to the theory of deformations of compact holomorphic Poisson submanifolds of a holomorphic 
Poisson manifold of codimension 1. We extend Definition 1 1.0.1 1 and Definition 11.0.21 to define concepts of a 
family of compact holomorphic Poisson submanifolds of codimension 1 (see Definition l2.0.26)) . and maximality 
(or completeness) of a family of compact holomorphic Poisson submanifolds (see Definition l2.4.1l) . 

Definition 1.0.6. Let (W, Aq) be a holomorphic Poisson manifold of dimension n + 1. We denote a point in 
W by w and a local coordinate of w by ..., By a Poisson analytic family of compact holomorphic 

Poisson submanifolds of codimension 1 of (W, Aq), we mean a holomorphic Poisson submanifold V C {W x 
M,Ao) of codimension 1 where M is a complex manifold and Aq is the holomorphic Poisson structure on 
W X M induced from (W) Aq), such that Vt := uj~^{t) = V fl 7r“^(t) for each point t € M is a connected 
compact holomorphic Poisson submanifold of {W x t, Aq), where a; : V —> M is the map induced from the 
canonical projection tt : W x M ^ M, and for each point p G V, there is a holomorphic function S(w^t) 
on a neighborhood Up of p in W x M such that I ^ Q at each point in Up fl V, and UpdV is 

defined by S{wU) = 0. 

Definition 1.0.7. Let V C {W x M, Aq) ^ M be a Poisson analytic family of compact holomorphic Poisson 
submanifolds of {W, Aq) of codimension 1 and let to be a point on M. We say that V ^ M is maximal at to 

if, for any Poisson analytic family V' C (W x M', Aq) M' of compact holomorphic Poisson submanifolds 
of (W, Aq) of codimension 1 such that uj~^{to) = ui'~^(fo),to € M', there exists a holomorphic map h of a 
neighborhood N' of t'^ on M' into M which maps tg to fg such that w'“^(f') = uj~^{h{t')) for t' G N'. We 
note that if we set a Poisson map h : (W x N',Ao) —>■ (fW x A/, Ag) defined by (w,t') (w,hlf')), then the 

restriction map of h to V'\ni = C {W x N',Aq) defines a Poisson map V'\n' -^V so that V'\ni is 

the family induced from V by h, which means V ^ M is complete at to. 

Given a Poisson analytic family V C {W x M, Ag) M oi compact holomorphic Poisson submanifolds 
of codimension 1, each fibre Vt = aj~^{t) of V for f G M defines a Poisson line bundle (A/j, Vt) on (W, Ag), 
where Vf is the Poisson connection on Aft which defines the Poisson line bundle structure (see [Kimllaj ) so 
that we have a complex of sheaves on W (see [Kiml4a) i 

Aff -.Aft^Nt^Tw ^Aft® A^Tw ^ • 

We will denote the f-th hypercohomology group by M^{W, N*). We note that N* induces, by restriction on 
Vf, the complex of sheaves on Vf 

f^tWt '■ M|vt AftWt ® Tw\vt - M lut ® A^Twlvt —■ • • 

We will denote the i-th hypercohomology group by M^{Vt,Aft\vt)- Then infinitesimal deformations of Vf in 
the family V are encoded in the cohomology group ]HI°(Vf,AT'lvt), and we can define the characteristic map 
(see subsection [2d]) 

Pd,t--TtM ^W.°{Vt,Mf\v,) 

As in the concept of semi-regularity in |KS59) , we similarly define a concept of Poisson semi-regularity and 
show that Poisson semi-regularity (see Definition 12.1.81) implies ‘theorem of existence’ (see Theorem 12.2.31) 
and thus ‘theorem of completeness’ (see Theorem 12.4.21) for deformations of compact holomorphic Poisson 
submanifolds of codimension 1 as follows. 

Definition 1.0.8. Let Vo be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(W, Aq) of codimension 1 and let (A/o, Vo) be the Poisson line bundle over (bV, Ao) determined by Vq. We 
denote by rg : A/”* ^ A/’*|vb the restriction map of the following complex of sheaves 

Af^ : Afo Afo ® Tw —^ Afo ® A^Tw • • • 

f^olvo '-hfoWo AfoWo ® TwWo AfoWo ® A'^TwWo ■■■ 

which induces a homomorphism rg : (bV, A/”*) —?> EI^(bd),A/’o |vb). bVe say that bo is Poisson semi-regular 

if the image rQEI^(bbd A/”*) is zero. 
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Theorem 1.0.9 (Theorem of existence). I/Vq is Poisson semi-regular, then there exists a Poisson analytic 
family V C {W x M,Aq) ^ M of compact holomorphic Poisson submanifolds of (IT, Aq) containing Vq as 
the fibre w“^(0) over 0 G M such that the characteristic map 

Pdfl-.ToM 

ia an isomorphism. 

Theorem 1.0.10 (Theorem of completeness). Let V C (W x M, Aq) ^ M be a Poisson analytie family of 
compact Poisson submanifolds of (W, Aq) of codimension 1. If the characteristic map 

Pd,o ■ TqM —>■ IH°(To,AAo’lvb) 

is an isomorphism, then the family V ^ M is maximal at the point t = Q. 

Next we review deformation theory of compact complex submanifolds of arbitrary codimensions presented 
in |Kod62) and explain how the theory can be extended to the theory of compact holomorphic Poisson 
submanifolds of arbitrary codimensions in terms of holomorphic Poisson deformations. In [Kod62) . Kodaira 
showed that deformations of a compact complex submanifold T of a complex manifold W is controlled 
by the normal bundle Mvjw of T in IT so that infinitesimal deformations are encoded in the cohomology 
group H^{V,N'v/w) and obstructions are encoded in the cohomology group {V,My/w)■ For the precise 
statement, we recall the following definition which generalize Definition 1 1.0.1 1 to arbitrary codimensions. 

Definition 1.0.11 (' [Kod62) l. Let W be a complex manifold of dimension d r. We denote a point in 
W by w and a loeal coordinate of w by (w^,..., w’"+'^). By a complex analytie family of compact complex 
submanifolds of dimension d of W, we mean a complex submanifold V C W x M of codimension r, where 
M is a complex manifold, such that 

(1) for each point t G M, Vt X t := uj~^{t) = V H TT~^{t) is a connected compaet complex submanifold 
of W X t of dimension d, where lo : V ^ M is the map indueed from the canonical projection 
n :W X M ^ M. 

(2) for each point p GV, there exist r holomorphic functions fa{w, t),o' = 1,..., r defined on a neighbor¬ 
hood hip of p in W X M sueh that rank= 'f, cind UpDV is defined by the simultaneous 
equations fa{w, t) = 0, a = 1,..., r. 

We eall V <ZW x M a complex analytie family of compact complex submanifolds Vt,t G M ofW. We also 
call V C W X M a complex analytic family of deformations of a compact complex submanifold of W for 
eaeh fixed point to G M. 

We can define the concept of maximality (or completeness) of a complex analytic family of compact 
complex submanifolds of arbitrary codimenions as in Definition 11.0.21 Given a complex analytic family 
V gW X M ^ M, for each fibre Vj = uj~^{t) of V for t G M, infinitesimal deformations of V) in the family V 
are encoded in the cohomology group H°{Vt,N'vt/w)j and we can define the characteristic map (see |Kod62] 
p.147-150) 

In [Kod62] . Kodaira showed that given a compact complex submanifold T of a complex manifold W, ob¬ 
structions of deformations of T in IT are encoded in H^(V,Afv/w) and so when obstructions vanish, we can 
prove ‘theorem of existence’ and ‘theorem of completeness’ as follows. 

Theorem 1.0.12 (theorem of existence). Let V be a compact complex submanifold of a complex manifold 
IT. If H^{V,Nv/w) = 0) then there exists a complex analytic family V of compact complex submanifolds Vt, 
t G Ml of IT such that Vq = V and the charaeteristic map 

(To : To{Mi) -G H^(y,Afv/w) 

is an isomorphism. 

Theorem 1.0.13 (theorem of completeness). Let V be a complex analytie family of compaet holomorphic 
Poisson submanifolds Vt, t G Mi, ofW. If the charaeteristic map 

<jo-.To{Mi)^H\Vo,Nv,/w) 

is an isomorphism, then the family V is maximal at t = 0. 
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In section[31 we extend Definition 1 1.0.11 1 to define a concept of compact holomorphic Poisson submanifolds 
of arbitrary codimensions, and prove an analogue of theorem of existence iTheorem II. 0.121) and an analogue 
of theorem of completeness (Theorem 11.0.131) in the context of holomorphic Poisson deformations. Let V 
be a holomorphic Poisson submanifold of a holomorphic Poisson manifold (lT,Ao). Then we can define a 
complex of sheaves associated with the normal bundle Ny/w (see subsection 13.11 and Definition 13.1.130 

^VjW ■ ^Vjw ^ J^V/W ® Ty/\v ® A/y/VF ® ^ ' 

which is called the complex associated with the normal bundle My/w of ^ holomorphic Poisson submanifold 
y of a holomorphic Poisson manifold (VT, Aq), and denote its Tth hypercohomology group by ]HI*(y, 

Then holomorphic Poisson deformations of V in (lT,Ao) is controlled by the complex of sheaves A/’y/y/ 
so that infinitesimal deformations are encoded in the cohomology group ]HI°(y, A/’yy^y) and obstructions 
are encoded in the cohomology group For the precise statement, we define a concept of 

compact holomorphic Poisson submanifolds of an arbitrary codimension which generalize Definition 11.0.61 
and Definition 1 1.0.11 1 as follows. 

Definition 1.0.14 1 compare Definition ll.O.rT]) . Let (IT, Aq) be a holomorphie Poisson manifold of dimension 
d + r. We denote a point in W by w and a local coordinate of w by (w^,..., By a Poisson analytic 

family of compact holomorphic Poisson submanifolds of dimension d of (IF, Aq), we mean a holomorphic 
Poisson submanifold V C (IF x M^Aq) of codimension r, where M is a complex manifold and Aq is the 
holomorphic Poisson structure on W x M induced from (IF, Ag), such that 

(1) for each point t G M, Vt x t := uj~^{t) = V n7r“^(t) is a connected compact holomorphic Poisson 
submanifold of (IF x f, Aq) of dimension d, where w : V —> M is the map induced from the canonical 
projection tt : IF x M ^ M. 

(2) for each point p GV, there exist r holomorphic functions faiw, t),a = 1,..., r defined on a neighbor¬ 
hood Up of p in W X M such that rank= r, and UpDV is defined by the simultaneous 
equations fdw, t) = 0, a = 1,..., r. 

We call V C (IF x M, Aq) a Poisson analytic family of compact holomorphic Poisson submanifolds Vt,t G M 
of (IF, Aq) . IFe also call V C (IF xM, Aq) a Poisson analytic family of deformations of a compact holomorphic 
Poisson submanifold Vto of (IF, Aq) for each fixed point tp G M. 

We can define the concept of maximality (or completeness) of a Poisson analytic family of compact 
holomorphic Poisson submanifolds of arbitrary codimensions as in Definition 1 1.0. 71 Given a Poisson analytic 
family V C (IF x M, Ap) ^ M oi compact holomorphic Poisson submanifolds, for each fibre Vt = w~^(f) 
of V for t G M, infinitesimal deformations of Vt in the family V are encoded in the cohomology group 
M^iVt^My^yr), and we can define the characteristic map (see subsection 13.2|) 

<Tt : TtM -G ]HI*’(I/i, A/yyy/) 

Given a compact holomorphic Poisson submanifold F of a holomorphic Poisson manifold (IF, Ap), obstruc¬ 
tions of holomorphic Poisson deformations of V in (IF, Ap) are encoded in M^{V,Ny^y,) and so when ob¬ 
structions vanish, we can prove ‘theorem of existence’ (see Theorem 13.3.111 and ‘theorem of completeness’ 
(see Theorem l3.5.1ll as fallows. 

Theorem 1.0.15 (theorem of existence). Let V be a compact holomorphic Poisson submanifold of a holo¬ 
morphic Poisson manifold (IF, Ap). IfII^(V,J\fy^y^) = 0, then there exists a Poisson analytic family V of 
compact holomorphic Poisson submanifolds Vt, t G Mi of (IF, Ap) such that Fp = F and the characteristic 
map 

(Tp : Tp(Ml) -G ^{V,My/yr) 

is an isomorphism. 

Theorem 1.0.16 (theorem of completeness). Let V be a Poisson analytic family of compact holomorphic 
Poisson submanifolds Vt, t G Mi, o/(IF, Ap). If the characteristic map 

cp : Tp(Afi) -G ]HI°(I/p, A/"y|j/y/) 

is an isomorphism, then the family V is maximal at t = 0. 
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In sectional we study simultaneous deformations of holomorphic Poisson structures and compact holomor- 
phic Poisson submanifolds. Let P be a holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(IP, Aq). As we saw as above, the complex associated with the normal bundle 

(1.0.17) J^v/w • ^v/w ^ J^v/w ® Tw\v ^ J^v/w ® ^^Tw\v ^ • 

controls holomorphic Poisson deformations of P of (IP, Aq), and the complex 

(1.0.18) : A^Tw • • ■ 

controls deformations of the holomorphic Poisson structure Aq on the fixed underlying complex manifold IP 
(see Appendix [A| . By combining two complexes (11.0.171) and (Il.n.l8|) , we can define a complex of sheaves 
on IP (see subsection 14.11 and Definition 14.1.81) 

(A^Tw © i*-N'v/wY ■ ^ A^Tw © Ai-^V/W ® 7vv|y) —t A'^Tyy © © A^Tyr\y) —> ■ 

where f : P ^ IP is the embedding, which is called the extended complex associated with the normal 
bundle My/w of a holomorphic Poisson submanifold P of a holomorphic Poisson manifold IP, and denote its 
Pth hypercohomology group by ]HI*(P, {a'^Tw © i*My/wY)- Then {A^Tw © uMy/wY controls simultaneous 
deformations of Aq and P in (IP, Aq) so that infinitesimal deformations are encoded in the cohomology group 
]HI*’(IP, {A^Tw © i*My/wY) s-iid obstructions are encoded in ]HI^(IP, {A^Tyr © i^My/wY)- For the precise 
statements, we extend Definition 11.0.141 of a Poisson analytic family of compact holomorphic submanifolds 
of a holomorphic Poisson manifold (IP, Aq) by deforming Aq on the fixed complex manifold IP as well as a 
holomorphic Poisson submanifold P of (IP, Aq) as follows (see Definition l4.0.1l) . 

Definition 1.0.19. Let W be a complex manifold of dimension d + r. We denote a point in W by w and 
a local coordinate of w by {w^, By an extended Poisson analytic family of compact holomorphic 

Poisson submanifolds of dimension d of IP, we mean a holomorphic Poisson submanifold V C (IP x M, A) 
of codimension r, where M is a complex manifold and A is a holomorphic Poisson structure on IP x M, 
such that 

(1) the canonical projection tt : (IP x M,A) M is a Poisson analytic family in the sense of |Kiml4b] 
{but we allow non-compact fibres) so that A G P[°{W x M, A^Tyr^M/M) o,nd 7r“^(t) := (IP x t. At) 
is a holomorphic Poisson subsmanifold of (IP x M,A) for each point t G M. 

(2) for each point t G M, Vt x t := uj~^{t) = V D 7r“^(t) is a connected compact holomorphic Poisson 
submanifold of (IP x t. At) of dimension d, where w : V —>■ M is the map induced from tt. 

(3) for each point p GV, there exist r holomorphic functions fa{w, t), a = 1,..., r defined on a neighbor¬ 
hood Up of p in W X M sueh that rank= g, and UpDV is defined by the simultaneous 
equations fa{w, t) = 0,a = 1, ..., r. 

We call V C (IP X M, A) an extended Poisson analytic family of compact holomorphic Poisson submanifolds 
Vt,t G M of (IP, At). IPe also call V C (IP x M, A) an extended Poisson analytic family of simultaneous 
deformations of a holomorphic Poisson submanifold Vtg of (IP, Ato) for each fixed point to G M. 

As in Definition ll.0.21 we can similarly define the concept of maximality (or completeness) of an extended 
Poisson analytic family (see Definition 14. 5. II) . Given an extended Poisson analytic family V C (M x M, A) 

M of compact holomorphic Poisson submanifolds, for each fibre Pt = ijj~^{t) C (IP,At) of V for t G Af, 
infinitesimal deformations of (At, Pt) in the family V are encoded in the cohomology group ]HI°(IP, (A^Ty/ © 
i*My^/w)*)^ and we can define the characteristic map (see subsection 14.21) 

Ct : TtM -G ]HI°(IP, {A^Tyr © irAfy^/w)*) 

Given a compact holomorphic Poisson manifold P of a compact holomorphic Poisson manifold (IP, Aq), 
obstructions of simultaneous deformations of Aq and P are encoded in ]H1^(IP, (A^Tw © i*Afy/w)*) and 
so when obstructions vanish, we can prove ‘theorem of existence’ (see Theorem 14.3.11) and ‘theorem of 
completeness’ (see Theorem l4.5.2l) as follows. 

Theorem 1.0.20 (theorem of existence). Let V be a holomorphic Poisson submanifold of a compact holo¬ 
morphic Poisson manifold (IP, Aq). //IHI^(IP, {A^Tw ®i^:Mw/y)*) = 0; then there exists an extended Poisson 
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analytic family V C {W x Mi, A) of compact holomorphic Poisson submanifolds Vt,t G Mi, of {W,Kt) such 
that V = Vo C (VF, Aq) and the characteristic map 

tTo : Tq{Mi) -g {A^Tw © iifMv/wY) 

is an isomorphism. 

Theorem 1.0.21 (theorem of completeness). Let V C {W x Mi, A) he an extended Poisson analytie family 
of compact holomorphic Poisson submanifolds Vt of{W,At). If the characteristic map 

po ■ To(Mi) —>• IHI°(fT, {f^Tw © ^kA/V/Uo)*) 
is an isomorphism, then the family V is maximal at t = 0. 

Lastly we review stability of compact complex submanifolds presented in [Kod63) and explain how we 
can extend the concept of stability in the context of holomorphic Poisson deformations. In |Kod63) . Kodaira 
defined a concept of stability of compact complex submanifolds as follow: 

Definition 1.0.22. Let V be a compact complex submanifold of a complex manifold W. We call V a stable 
complex submanifold of W if and only if, for any complex fibre manifold^ (W, B,p) with p : W ^ B such 
that p“^(0) = W for a point 0 G B, there exist a neighborhood N of 0 in B and a complex fibre submanifold 
V with compact fibres of the eomplex fibre manifold Wlw such that V HW = V, where W\n is the restriction 
ip-\N),N,p) ofiyV,B,p) toN. 

and he proved 

Theorem 1.0.23. Let V be a compact complex submanifold of a complex manifold W. If the first cohomology 
group II^(y,Afv/w) vanishes, then V is a stable complex submanifold ofW. 

In section [5j we similarly define a concept of stable compact holomorphic Poisson submanifolds as follows 
(see Definition 15. 0.2p : 

Definition 1.0.24. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(VP, Aq). We call V a stable holomorphic Poisson submanifold o/(VP, Ap) if and only if, for any holomorphic 
Poisson fibre manifold fW, K, B,p) (see Definition 15.0.11) such that p~^(0) = (W,Ao) for a point 0 G B, 
there exist a neighborhood N of 0 in B and a holomorphic Poisson fibre submanifold V with compact fibres 
of the holomorphic Poisson fibre manifold (W, A)| w such that VCiW = V, where (W, A)|Ar is the restriction 
(p-i(iV),A|p-i(iv),iV,p) of(W,k,B,p) toN. 

and we prove (see Theorem 15. 1.11) 

Theorem 1.0.25. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(VP, Ap). If the first cohomology group ]HI^(1/, vanishes, then V is a stable holomorphic Poisson 
submanifold o/(VP, Ap). 

In appendices |B] and 0 we present deformations of Poisson closed subschemes in the language of functors 
of Artin rings which is the algebraic version of deformations of holomorphic Poisson submanifolds. We 
identity first-order deformations and obstructions (see Proposition IB. 2. 41 and Proposition IC.2.2|) . 

2. Deformations of compact holomorphic Poisson submanifolds of codimension 1 and 

Poisson semi-regularity 

Definition 2.0.26. Let (VP, Ap) be a holomorphie Poisson manifold. We denote a point m VP by w and 
a local coordinate of w by (w^, By a Poisson analytic family of compact holomorphic Poisson 

submanifolds of codimension 1 of (VP, Ap), we mean a holomorphic Poisson submanifold V C (VP x M,Aq) 
of codimension 1 where M is a complex manifold and Ap is the holomorphic Poisson structure on W x M 
induced from (VP, Ap), such that Vt x t := uj~^(t) = V fl Tr~^(t) for each point t G M is a connected compact 
holomorphic Poisson submanifold of (VP x t, Ap), where a; : V —>■ M is the map induced from the canonical 
projection tt : W x M ^ M, and for each point p G V, there is a holomorphic function S(w,t) on a 
neighborhood Up of p inWxM such that ^ 0 at each point in Up D V, and UpHV is defined 

by S{w, t) = 0. 


^ for the definition of a complex fibre manifold and a complex fibre submanifold, see |Kod63| p.79 
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2.1. Infinitesimal deformations. 

Let {W, Ao) be a holomorphic Poisson manifold. We denote by w a point on {W, Aq) and by {w ^,..., 
the local holomorphic coordinates (not specified) of w. Consider a small spherical neighborhood of a point 
on M and let {Ui} be a locally finite covering of W by sufficiently small coordinate neighborhoods t/^. 

Consider a Poisson analytic family V C iW x M,Aq) of compact holomorphic Poisson submanifolds of 
codimension 1 as in Definition 12.0.261 Let A^ be a small spherical neighborhood of a point on M. Then the 
holomorphic Poisson submanifold V of {W x M, Aq) is defined in each neighborhood UiX N hy a holomorphic 


equation Si{w,t) = 0 where Si{w,t) is a holomorphic function on Ui x N such that 
each point (w, t) of V fl {Ui x N) (if V fl (Ci x N) is empty, we set Si{w, t) = 1). By letting 

(2.1.1) Si{w,t) = fik{w,t)Sk{w,t), wGUiDUk, 


dSi{w,t) 


dw° 


^ 0 at 


we get a system {fikiw,t)} of non-vanishing holomorphic functions fik{w,t) defined, respectively, on {Ui x 
N) n {Uk X N) satisfying 

( 2 . 1 . 2 ) fik{w,t) = fij{w,t)fjk{w,t), w eUinUjOUk- 

On the other hand, since Si{w, t) = 0 define a holomorphic Poisson submanifold, [Aq, Si{w, t)] is of the form 

(2.1.3) [Ao, S'i(wi, t)] = Si{w, t)Ti{w, t) 

for some Ti{w,t) = where T^{w,t) is a holomorphic function on Ut x N. By taking 

[Ao,-] on (12.1.31) , wehaveO = -[Aq, S^{w,t)]/\Ti{wU)]+Si{w,t)[Ao,Ti{w,t)] = -Si{w,t)Ti{w,t)AT,{w,t) + 
Si{w,t)[Ao,Ti{w,t)] = Si{w,t)[Ao,Ti{w,t)] so that 

(2.1.4) [AQ,T,{w,t)]=0, w€U, 

From (12JJJ and (12JL^, fik{w,t)Sk{w,t)Ti{w,t) = Si{w,t)Ti{w,t) = [Aq, 5'i(u;, t)] = [Aq, fik{w,t)Sk{w,t)] = 
Sk{w,t)[AQ,fik{w,t)\ + fik{w,t)[AQ,Sk{w,t)] = Sk{w,t)[AQ, fik{w,t)] + fik{w,t)Sk{w,t)Tk{w,t) so that 

(2.1.5) fik{w,t)Ti{w,t) - fik{w,t)Tk{w,t) = [Ao,fik{w,t)], w€Uif]Uk 

Then the conditions (l2.1.2p . H2.1.4l) . (l2.1.5l) show that {{fik{'w,t)}, {Ti{w,t)}) defines the Poisson line bundle 
over (IF, Aq) for each t G N. We will denote the Poisson line bundle by (A/j, Vt) for t G N, where Vt is the 
Poisson connection on Aft which defines the Poisson line bundle structure (see [Kiml4a] L Then we have a 
complex of sheaves on IF (see |Kiml4aj ') 

W; :Aft^Mt®Tw ^Aft® A^Tw ^ • 


We will denote the Fth hypercohomology group by IHI*(1F, N*). We note that Af* induces, by restriction on 
Vt, the complex of sheaves on V* 


Aftlvt ■ M 


VtK 


t\Vt 


> Aft\vt ® Tw\vt —^ ® A^Tw\vt 


VtK 


We will denote the Fth hypercohomology group by IHI*(Ft,^^[^ 4 ). 

Denote by (ti,.., tm) a system of holomorphic coordinates on N. For any tangent vector v = 

of M at t G N, we set tpi{w, t) = — Since Si{w, t) = 0 for w G Vt, by taking the derivative 

of (]2.1.1I) and H2.1.3I) with respect to t, we obtain 


( 2 . 1 . 6 ) tpi{w,t) = ftk{w,t)tpk{w,t), w GVinUiCiUk, 

(2.1.7) [Ao, ipi{w,t)]\vt =[Ao,'lf^{w,t)]\si(w,t)=o = 4’i{w,t)Ti{w,t), wGVtCiU^ 

From (12.1.61) and (12.1.71) . {'ijji{w,t)} define an element in IHl°(Ft, A/"*| Vt ) so that we have a linear map 

Pd^t-.TtM ^B°{Vt,Af;\vt) 


dVt 


{tlji{Zi,t)} 


We call pd,t the characteristic map. 


Definition 2.1.8. Let Vq be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(IF, Aq) of codimension 1 and let (A/p, Vq) be the Poisson line bundle over (IF, Ag) determined by Vq. We 
denote by vq : A/"* — ^ Af*\vo the restriction map of the following complex of sheaves 
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A/'o 


Vo 


A/qIvo -J^oWo 


VoIvq 


A/q (8) IV 


Vo 


> J^oWo < 8 ) Tw\vo 


Volvo 


^ A/q ® A^Tiy 

1 

> A/o|yo ® A^TvkI vb 


Vo 


Vo I Vo 


which induces a homomorphism rg : ]HI^(TVA/'J) —^ EI^(Vo,A/’J|vb)- saj/ i/io< Vb *s Poisson semi-regular 

if the image rbEI^(W, A/”*) is zero. 


2.2. Theorem of existence. 

We extend the argument in [KS59] in the context of Poisson deformations (see [KS59] p.484-493). We 
tried to maintain notational consistency with |KS59) . Let (W, Ao) be a holomorphic Poisson manifold of 
dimension n-|-1 > 2 and let Vq be a compact holomorphic Poisson submanifold of (W, Ao) of dimension n. In 
what follows we denote by p a point on W and by {w^(j >),,,,, the coordinate of p with respect to 

a system of local holomorphic coordinate ..., on W. We choose a locally finite covering U = {Ui} 

of W such that 

(1) each neighborhood Ui is a polycylinder: Ui = {p||Wj^(p)| < 1, ■■■, \w^~''^{p)\ < 1} where {wj, 
is a system of local holomorphic coordinates which covers the closure of Ui. 

(2) Vq n Ui coincides with the coordinate plane = 0 if Vb PI C/i is not empty, 

(3) VoCiUiCi Uk is not empty if Vb n V, V P Uk and Ui P Uk are not empty. 

(4) if Vb P Ui is not empty, we write Wi = ,z} = wj,..., z^ = wf. 

(5) {Uf} covers W, where Uf = {p\\wi(j))\ <1-6, ..., \zl{p)\ <1-6,..., \zf{p)\ <1-6,\wi{p)\ < 1} for 
a sufficiently small 6. 

Let S'i|o(p) = Wi{p) if Vb P C/i 7 ^ 0 and S'i|o(p) = 1 if Vb P V = 0 for p G Ui. If we let 
/ife|o(p) := for pGUiflUk, 

L|o(p) := [Ao,fogS',|o(p)]( i.e [Ag, S',|o(p)] = 5'i|o(p)Ii|o(p)), for p G Ui, 

then the system {{fik\o{p)}: {'^i\o{p)}) defines the Poisson line bundle A/q. Let {/3i,...,/3m} be a basis of 
lHI*'(Lb) A/"g |vo). Each Pr is a holomorphic section of A/q over Vb and pr is written in the form via the 
identification A/blf/, =Ui x C, 


Pr-p^ {p,Pri{p)) 

where Pri (p) are holomorphic functions on Vb P V satisfying 

(2.2.1) Priip) = f^k\o{p)^rk{p), for p G Vb P V P Clfe- 

(2.2.2) -[Ao, Pri{p)]\vo + Priip)Ti\o{p) = 0, forpGVbPV 
With this preparation, we prove 

Theorem 2.2.3 (Theorem of existence). // Vb is Poisson semi-regular, then there exists a Poisson analytic 
family V C (W x M, Aq) ^ M of compact holomorphic Poisson submanifolds of (W, Aq) containing Vb as 
the fibre w“^(0) over 0 G M such that the characteristic map 

Pdp:ToM^E.°{Vo,Morv„) 

dt^ \dt ) ,^g 

is an isomorphism. 

Proof. Let A^ be a spherical neighborhood of 0 on the space of m complex variables ti,...,tm, where m = 
dim EI° (Vb, A/"* | ). In order to prove Theorem l2.2.31 it suffices to construct a system {S'i (p, t)} of holomorphic 

functions Sfp, t) defined onUiX N and a system {fikip, t)} of non-vanishing holomorphic functions fik{p, t) 
defined on {Ui P Uk) x N and a system {Tfp, t)} of holomorphic vector fields Tfp, t) defined on Ui x N such 
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that 

(2.2.4) 

(2.2.5) 

( 2 . 2 . 6 ) 

(2.2.7) 

( 2 . 2 . 8 ) 


Si{p,t) = fik{p,t)Sk{p,t), for p e t/i n Uk, 

[Ao, Si{p,t)] = Si(jp,t)Ti{p,t), for p€Ui, 

S',(p,0) = S'j|o(p), fik{p,Q) = ftk\o{p), 7*(P,0) = T,|o(p) 
Si{p,t)^0, ifVbnC/i = 0 
dSi{p,t) 


dtr 


|t=0 = I3ri(.p), r = 1 ,..., 


We write Si{p, t), fikip, t) and Ti(p, t) in the forms 


S^{p,t) = S,\o{p) + Si\fj,{p,t), f^k{p,t) = fik\o{p) + Y f^k\fi{P,i), T,{p,t) = r*|o(p) + ^Ti|^(p,t) 

^—1 ^—1 ^—1 

where Si\^(p,t), fik\fi.{p,t) and Ti\^{p,t) are homogenous polynomials in t = of degree p whose 

coefficients are holomorphic functions on Ui, on Ui HUk, and holomorphic vector fields on Ui, respectively. 
Let 

k- 

Si{p,t) = Si\Q(p) + ^5'j|A(p,t) 


(2.2.9) 

( 2 . 2 . 10 ) 
( 2 . 2 . 11 ) 


A =1 


f^kip^ t) = fik\o{p) + Y f^k\\{p, t) 

A^l 

M 

TtiP,t) =Ti|o(p) + ^T,|A(p,t) 


A =1 


Notation 1. We write the power series expansion of a holomorphie function P{t) in ti, ...^tm defined on a 
neighborhood of the origin 0 in the form : P(t) = P{t) + Pi(t) + • ■ • + L)j(t) + ■ ■ •, where each P^{t) denotes 
a homogenous polynomial of degree p in ti, ...jtm- We set P^{t) := P(0) + Pi(t) + ■ • • + P^{t). We write 
[P(t)]^ for Pfift) when we substitute a complicated expression for P(t). For any power series Pit), and Qit) 
in t = (fi, ...,tm), we indicate P{t) Qit) that Pit) — Qit) contains no term of degree < p int. 

By Notation HI (12.2.411 and (j2.2.5ll are equivalent to the system of congruences 

( 2 . 2 . 12 ) S^P^t) ftkip,t)Si:ip,t) 

(2.2.13) [Ao,S^ip,t)]=^S^ip,t)Ttip,t), p = 1,2,3,-■■ 

We will construct Sn^ip,t), fik\fiip,t) by induction on p satisfying (12.2.121) and (12.2.131) . We assume the 
following special forms for Si\^ip,t), p > 1: 

'^i\k.iziip),t), ifVbnC/i ^0 
0, if Vb n t/, = 0 


(2.2.14) 


Si\^ip,t) = 


where Ziip) = iz]ip),..., zf^ip)) and '4’i\^izi, t) is a homogeneous polynomial of degree ^ in < whose coefficients 
are holomorphic functions of Zi = izj,..., zf) defined on the polycylinder: \zl\ < 1 ,..., \zf‘\ < 1 . 

We define ifi\iizi,f) by 


(2.2.15) 


'4’i\iiziip),t) = p e Vb n c/j. 


r—1 


and determine Si\Qip,t), S}ip,t) by (12. 2. 141) and (12.2.91) . By letting fik\iip,t) = 

fikiP’^) — /ife|o( 7 ') + fik\iip,t) is holomorphic in p and satisfies (I2.2.12l) i (for the detail, see |KS59) p.486). 

On the other hand, we note that [Aq, 5'j^(p, t)] =i Slip,t)Tlip,t) is equivalent to [Aq, S'i|i(p, t)] = 
Si\iip,t)Ti\oip) + Si\oip)Ti\iip,t). By letting 

[Ao,S'z|i(p, 0 ] - S^iip,t)T,ioip) 


T^\iip,t) = 


Si\oip) 
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Tl{p,t) = li|o(p) + T^i{p,t) is holomorphic in p by (12.2.21) and satisfies (I2.2.13l) i . 

Now suppose that we have already constructed S'f (p, t), /^^(p, t),T^(p, t) satisfying (12.2.121) ^, and (l2.2.13P j, 
which imply that 

(2-2.16) /f^(p, t) t) 

(2.2.17) [Ao,i;'^(p,t)] =0 

(2.2.18) [Ao,/';(p,t)] +/ffe(p,t)'7r(p,t) -/'^(p,t)7f (p,t) 0 

We define homogenous polynomials i/’i/c|^+i(p, t) in t of degree p + 1 whose coefficients are in r(Vb 
Uk, Ovo) and homogenous polynomials Wi|^+i(p, t) of degree p + 1 whose coefficient are in r(f7i fl Vb, Tw\vo) 
by 

(2.2.19) il^i^^+iip.t) =fj,+i f^f.{p,t)S‘^{p,t) - Si{p,t) for p G Vb n C/j n C/fc 

(2.2.20) Wi|^+i(p,t) =^+i [Ao,S'f(p,t)]|i/o - S'f(p,t)7t'"(p,t), for p G Vb n t/. 

Then we have (for the detail, see |KS59] p.487) 

( 2 . 2 . 21 ) ipik\k.+i{v,t) = i’ij\iJ.+iijp,t) + fij\o(p)ipjk\ti+i{p,t), for p G Vb n c/i n t/j n Uk 

On the other hand, let Wi\^j^i{p,t) =^+i [Aq, (p, t)] — S^{p,t)T^{p,t) for p G Ui. Then from (12.2.17L 
we obtain 

[Ao,Wii^+i{p,t)] =^+i -[Ao,5'f(p,t)rf (p,<)] =^+i [Ao,S'f(p,t)] ATf(p,t) - S'f (p,t)[Ao,rf (p,t)] 

=i«+i (p, t) A If (p, t) + 5^(p, t)Tf (p, <) A Tf (p, t) - (p, t)[Ao, Tf (p, t)] 

=i«+i l^»|^+i(p,f Arj|o(p) 

By restricting to Vb, equivalently by taking S'i|o(p) = 0, we get 

( 2 . 2 . 22 ) -m\^+i{p,t),Ao]\vo + {-iyW^^+iip,t) AT^oip) = 0 

La stly, let G,fc|^+i(p,t) ee^+i /ffc(p,t)(rf (p,t)-Tfc^(p,t))- [Aq,/ ffc(p,t)]. We note that Gife|^+i(p,t) =f, 0 
from (12.2.181) . Then we have, by restricting to Vb, equivalently by taking S'i|o(p) = 0, 

[Ao,fife|^+i(p,t)]|vb =i*+i {AoJtkiP^t)Sk{p,t)]\vo - [Ao,-5'f(p,t)]|y„ 

=M +1 [Ao,S'^(p,0]luo + Sk{p,t)[Ao,fl"^{p,t)]\vo - [Ao,S^{p,t)]\vo 

=M+1 ftk(p^ f LVfc|^+i (p, t) + (p, t)S^ (p, t)Tj^ (p, t) + (p, t)[Ao, (p, t)] Ivo - Wi |^+1 (p, t) - (p, t)rZ(p, t) 

=M+i /ifc(P: f LVfc|^+i (p, t) + (p, t)S'0(p, t)Tj^ (p, t) + 50(p, t)f^^ (p, <)(T)^(p, t) - TO(p, f) - 50(p, t)G,fc|^+i (p, t) 

- WZ|^+i (p, t) - 50(p, t)f'"(p, t) 

=M+i /0:(P:f LVfc|^+i(p,t) - Wi|^+i(p,t) + (/0,(p,t)50(p,t) - 50(p,t))7f (p,t) - 5fc|o(p)Gife|^+i(p,t) 

=M+i ffc|o(p)lLfe|^+i(p,t) - Wi|^+i(p,t) +f*fc|^+i(p,t)T,|o(p) 

Hence we obtain 

(2.2.23) -[fi/c|^.+i(p,i), Ao]|vo + fife|^+i(p, t)'7)|o(p) +/ife|o(7')LL/c|^+i(p, t) - Wb|^+i(p,t) = 0 

Hence from (|2.2.2ip . (12.2.221) and (I2.2.23p . (f^+i(t), Wf+i(t)) := ({fifc|^+i(p, t)}, {Mb|^+i(p, t)}) defines 
a 1-cocycle in the following Cech resolution of Mq\vo- 


C^{U n Vb,Ablyg O S^TwWo) 

VoIvq 

G°(I/ n Vb, Ablyo (8> Tu/|v(,) 

VoIvq 


—>■ G^(G n Vb, A/o|v(, O Twivo) 

Volvij 


-5 


<5 


GO(GnFo,M)|yJ 


Gi(GnVb,A7o|yJ 


> G2(GnVb,A7o|vJ 
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Next we show that if vanishes identically, we can construct {p,t) and 

satisfying (I2.2.12l) „-i_i and (12. 2.131 ) ;, -li . Indeed, let us assume that vanishes 

identically. Then there exists homogenous polynomials 4>i\fi+i(Pi'^) ^ of degree p + 1 whose coefficients are 

holomorphic functions on Vq (d Ui such that 


(2.2.24) '>Pik\^L+l{p,t) = </>z|/x+i(pfy) - fik\o{p)<|)k\^L+l{p,t), p e fy) n t/i n Uk, 

(2.2.25) = -[Ao,(/)i|;,+i(p,t)]|vo +(('i|;.+i(pfy)'fy|o(p), P& fy) n fy. 


We define 'tpi\f,+i{zi,t) := (p,t),p eVoDUi and determine Si\f,+i{p,t) by (12.2.141) . 

and S^+^{p,t) by We define f,k\^+iip,t) =^+i 

determine /j^^^(p, t) by (I2.2.10|) . Then S'f^^(p, t) and /,^^^(p, t) satisfy (I2.2.12|) „^i (for the detail, see |KS59] 
p.488). 

On the other hand, we note that from (12.2.251) . we have 


(2.2.26) bfy|;,+i(p,t) = -[Ao,S'i|^+i(p,t)]|yo + 5',|;,+i(p,t)fy|o(p), pS Vofl Ui. 

We set 

(2.2.27) 

T, [^o,S'^ip,t)]-S'j'{p,t)T!"{p,t)+ [^o,S,i^+i{p,t)]-S,i^+i{pU)T^oip) 

fy|,+r(p,t) :=.+! 

Then $^(p, t) =;j+i 0 for p € Vb (d 1/^ from (12.2.201) and (I2.2.26P so that Tn^_^_i{p, t) are holomorphic in p and 
we have, from (12.2.271) . 


[Ao, (p, t) + 5'*|^+i (p, t)] =;x+i 5'f (p, t)If (p, t) + (p, t)fy|o(p) + -S'.io(p)fy|;,+i (p, t) 

=M+i (5'f(pfy) +5'i|;,+i(pfy))(7r(pfy) +fy|^+i(p,t)) 
so that S'f^^(p, t) and T^^^{p,t) satisfy (I2.2.13l) „^i . 

Now we prove that ('!/'^+i(t), Vfyi+i (<)) vanishes identically if Vq is Poisson semi-regular. For this purposes 
it suffices to construct a polynomial i{r]ki{p, t)}, {wi(p, t)}) in < of degree p-|-l with coefficients in ]HI^(1F,TV"*) 
such that 


(2.2.28) Ak\iL+i{p,t) = V^k{p,t) forpe VbdfydC/fc, 

(2.2.29) Wi|^+i(p,t) = a;,(p,t) forpefyjdl/i. 

In fact, {r 7 ife(p, t), Wi(p, t)} represents a polynomial (??(<), a;(t)) in t with coefficients in ]HI^(1F, A/"*), and 
(I2.2.28I) and (j2.2.29p imply that = rQ{p(t),uj(t)). Hence we obtain (^^^+ 1 ( 1 ), Hfy+i(t)) 

vanishes if Vq is Poisson semi-regular. 

Lemma 2.2.30 (see |KS59) Lemma 1 p.488). For each integer A < p, there exist polynomials gik '■= Pikip, t) 
in t of degree A whose coefficients are holomorphic functions in p defined on Ui d Uk such that 

(2.2.31) /ife|o(p)expp4(pfy) =A /f^fe(pfy) 

We define polynomials := ffk^{p, t) =^+i f^k\o{p) exppfj,(p, i) in t of degree p-hl. Then /^’^^(p, t) 

fikiP^t) and S f{p,t) =f, ff^+'^{p,t)S^(j),t)- By letting rnkipU) =M-ei fik^{pU)S^{p,t) - Sf{pU)i we get (for 
the detail, see |KS59) p.489) 

(2.2.32) Vik{p,t) = V^]{PU) + fij\o{p)Vjk{p,t) 

On the other hand, writing fik := fik{pU) and fy := Ti(p,t), we note that from (12.2.181) . we have 
[Ao, /ffc] + fik^Tk - Tf) 0. Since fik\o expfyffy fjf by (|2.l3ip, we have 

[Ao, fik\o exppffc] + fik\o exp( 5 f^)(r^^ - Tf) 0 

[Ao, log(fyfc|o expgffy] -h {T^ - If) 0 
[Ao, log fyfcio] + [Ao,pffc] + {Ti: -Tt)=0 
[^oJt"] + ftk^\Ti:-Tn = 0 


(2.2.33) 









































DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS 


13 


From (12.2.121) , we have [Ap, (p, 1 )] S^{p,t)Tl"{p,t). We define := u}iip,t) =^+i [Ap, (p, t)] - 

Then we have from (12.2.331) 

[Ap, r;,,] ^^+1 [Ap, - [Ap, 5f] ^HAq, /fC'] + /fC'lAo, - [Ap, ^f] 

^^+1 ^HAp, /fC^] + - S^Tt - a;, 

^^+1 ^HAp, /fc']+ 

^^[Ap, /rC'] + + 7y,fer,|0 + - u;, 

=/i,+l VikTi\o + fik\0^k — 

SO that we obtain the equality 

(2.2.34) -[T]ik{p,t),ko] + Pik{p,t)Ti\Q{p) + fik\o{p)^k{p,t) - uji{p,t) = 0, pGUin Uk- 

Lastly, we have from (I2.2.17|) . 

[Ap,c^,] ^^+1 -[Ap, S^Tt] ^,+1 [Ap,5f] ATt- ^HAp, T^] u;.ATt + ATt - 5f [Ap, T^] w. A r,|p 


so that we obtain the equality 

(2.2.35) -[wi(p,t), Ap] + (-l)Li(p,t) Ari|p(p) = 0, p€Ui. 

Form (12.2.321) . (12.2.341) . and (I2.2.35L {{r]ik{p,t)},{u}i{p,t)}) is a polynomial in t whose coefficients in 
]HI^(bF,A/'p). Then since Sj^{p,t) =p 0 for p e Vp D Uk, and t) fik{p,t), we obtain 

Vtkip,t) =^J.+l =t^+i 4’ik\fi+i{p,t), p e Vb n Uk, 

0Ji{p,t) =f,+i [Ap,S'f(p,t)]|yo - S^{p,t)Tl^(p,t) =^+i Wi|^+i(p,t), pG VbnUi. 

Hence when Vp is Poisson semi-regular, we can construct S'^{p,t), f^^{p,t) and T^{p,t) satisfying (I2.2.12|) ,, 
and (12.2.131) ,, by induction on p, and therefore we obtain formal power sereis Si(p,t), fik(p,t) and Ti(p,t) 
satisfying (l2.2.4Lp.2.5p . (l^iTBl) . (|2.2.7l) and (12.2.81) . 


2.3. Proof of convergence. 


Notation 2. Consider a formal power series f{t) = f{p,t) = fhih 2 ---hm (p)(^i)^^(^ 2 )'“^ ■ • • (im)'*'" whose 
coefficients fhih 2 ---hmip) vector-valued holomorphic functions inp defined on a domain and a power series 
«(0 = Yl.a.hih 2 -h„{ti)'^^(t 2 )^'^ ■■■(tm)'^^,ahihi-hm > 0. We indicate by f{p,f) < a{t) that \fhi-hmip)\ < 
r^h\---hTn • Let 


Ait) 


b C^{ti -f • • • -b tm)^ 
64c ^ p? 

p.=l 


where b, c are positive constants. Then we have 


(2.3.1) 


A(t)" < 


A{t), v = 2,i,-- 


We will show that the formal power series Si{t) := Si{p,t), fikit) := fik{p,t) and Ti(t) := Ti[p,f) con¬ 
structed in the previous subsection satisfy 

(2.3.2) 5.(t) - 5,|p < A(t), p&U^CUk, 

(2.3.3) fikit) - f^k\o ^ Cl Ait), p&U^, 

(2.3.4) rj(f) - Ti|p < diA(t), p = (zj(p), ri;j(p)) G [/i with |wj(p)| < 1, |zi(p)| < 1 - (5 p e Uf, 

for some constants b, c,ci,d from Notation [2| and a sufficiently small number 5 > 0 in the beginning of sub- 

section[2^ Here we write (t) =Tiip,t) by the form Ti(p, t) = Tlip,t)^-\ -r”(p, t) -b Tf+\p, t)^ 

by which we consider Tiip,f) a power series in t whose coefficients are vector-valued holomorphic functions 
on Ui- 

We may assume that |/ifc(p)| < C 2 , p G t/i D Uk for some constant C 2 > 0. Then Sjit) — 5'i|p <C A(t) if b is 
sufficiently large. 
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Suppose that 

(2.3.5) fg~\t)ClA{t), peU^nUk 

(2.3.6) 5f(t)-^,|o<A(t), p€U, 

(2.3.7) ^(t) - Ti|o < di^(t), p= {zi{p),Wi{p)) with \wt{p)\ <l,\zi{p)\ <1-6 p € Uf 

First we show that — fik\o ciA{t),p € t/^ fl C/fe for some constant Ci > 0. We briefly summarize 

Kodaira’s result in the following (see |KS59) p.491-492): by setting ci = ‘^^‘^^+^'>^^ 2 + 02 ) gome sufficiently 
small constant 0 < e < 1, and assuming 

(2.3.8) c>2bciil + cl), 

we get - fik\o < ciA{t),p Uk- 

Next we show that 


(2.3.9) Tf (t) - r,|o « diA{t), p&Uf 
for some constant di > 0. We may assume that 

(2.3.10) |T,|o(p)| < d2, P&U, 
for some constant 62 > 0. We recall from (12.2.271) that 

. 00 .^ [Ao,^n-Tr'5r^ + [Ao,5,|,]-T,|o5,|, _ [K,,S^]-Tr^S^ 

(2.3.11) Jj|^(p,t)=^ ------ 

<Ji|0 -Jzlo 

We estimate [Aq, S'f ] — We note that 

[Ao,S^] - = [Ao,S^ - 5,|o] - {Tr" - T,^o){S^ - 5,|o) + [Ao,5,|o] - r,|o(5f - ^,|o) - - T,|o)5,|o - r,|o5,|o 

(2.3.12) = [Ao,5r - ^,|o] - (Tf-' - T,|o)(^f - 5,|o) - T,|o(5r - 5,|o) - (Tf' - T)|o)^,|o 

We note that since [AojS'f] — =^.-1 0, {T^~^ — 7i|o)S'i|o contributes nothing to [Ao,S'f] — 

Let us estimate [Ao,S^ - S'i|o] in (I2.3.12F Let Aq = A),^(a;i)^ A with A^^p{xi) = 

—A'^p^{xi), where Xi = {wi,Zi). We may assume that \A''^p{xi)\ < M for some positive constant M > 0. 

[Ao.^r - ^.|o] = Let B,{z,) := - 5,|o. Then = q and §f = 

ot — th 

^ ’(^'1^1)2’""''^ ^ for {zi,Wi) for \zi\ <1-5, |w,| < 1. Then we obtain 


n+1 


(2.3.13) 


[Ao,5r-*5.|o]= E 2ALM^0 

a.,^—1 


dB,{zi) d 


dxf dx^ 

Hence we have, from (12.3.121) . (12.3.71) . (12.3.131) . (12.3.101) and (12.3.11) . 


<2(n-bl)^M- 


(2.3.14) 
where 

(2.3.15) 

We claim that 

(2.3.16) 


[Ao, < 


2(n-f 1)2M 


A{i) -|- diAlt)"^ d 2 A(t) << d^Ait), p G Uf, 


2(n-|-l)^M dib dib 2{n+l)^M 

ds := ---1- \-d 2 = di-\ -, where d^ := -r-h 62 - 

dec 6 


T,|^(0 «-A(t), pet// 


Indeed, from 5'j|o(p) = Wi{p), (12.3.Ill) and (I2.3.14p . if \wi{p)\ > e, -C ^A{t). If \wi{p)\ < e, we get 

Ti\fj,{t) <C ^A(t) by the maximum principle. 

On the other hand, from p.3.15p . we have ^ Now we set di = If we take 


(2.3.17) 

then we get ^ = di so that we obtain (I2.3.9p from (12.3.71) and (12.3.161) . 


2 b 

c> —, 
€ 
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Lastly we show that 

(2.3.18) S^+\t) - S^o < A{t), pGU^ 

We note that (for the detail, see |KS59) p.493) 


(2.3.19) 




P € Vo nUinUk 


Recall from ( |2.2.25 p that (p, t) =^+i [Aq, {p, t)] - S'f {p, t)Tl^ {p, t). Since [Aq, S'f ] - 5'f Tf 0, 

we get [Ao, =^+i [Aq, 5r]-(5r-5,|o)(T;'^-T,|o)-5rr.|o-^,|o(7;''-T)|o). Since [Aq, 

0, we obtain, from (I2.3.6|) and (12.3.91) . 


(2.3.20) « ^ 4 l(t), p e Ro n uf. 

Lemma 2.3.21 (compare |KS59| p.499). We can choose A\tJ.+i{pA) satisfying 

V’lfcl/i+l (P? ^) 4^i\^+lipA) fik\o{p)4^k\fi+lipA) 

Wi|^+l(p,t) = -[Ao,(^i^+i(p,t)]|y, + A\ii+lA\o{p) 

such that A\ii+i C 4 A(t), where the constant C 4 zs independent of p. 

Proof. For simplicity, we write Ui for Vo H Ui, Uf for Vq (~l Uf, and let U = {Ui} be the covering of Vq. For 
any 0-cochain (f = {0i(p)}, 1-cochain if = {ipik{p), Wi{p)} on Id, we define the norms of </>, {ip, W) by 

\\(p\\ ■■= max sup \(pi{p)\, 

^ pGUi 

||(z/;, 1F)|| := max sup |'(/'i/c(p)| + max sup |Wi(p)| 

peUtnUk * pGUp 


The coboundary cp is defined by 


fzk{p)(pk{p) - <Pi{p), 

For any {ip, W), we define 


p&UifMJk, -[A{p),Ao\\va+A{p)Ti\o{p), P&Ui 


L{lp,W) 


inf 

5(0)=(V-.IU) 


II0II 


It suffices to prove the existence of constant c such that i{ip, W) < c\\{ip, IF)||. Assume that such a constant 
c does not exist. Then we can find a sequence {A, W), {A', W"), ■ ■ ■ , {ip^, ''' such that 

i(^(M)^Vt/(M)) = \\{ip'-^\W^^^)\\ < - 

We take a covering {t/f} of Vb- Since0^(p) < 2 forp S i7fe, there exists asubsequence ■' ,(p^^'‘'^ 

of A 1 A\ ■ • ■ such that converges absolutely and uniformly on for each k. Since Vq is compact, we 

can choose a subsequence that works for all k. On the other hand, since ||('!/', IF)|| < i, we have in particular 

(2.3.22) \fik\o{p)<pt\p) - <p\^\p)\ <-, p&U^rUk, \-A\^\p),Ao]\vo+4>^t\p)A\o{p)\<-, P&Uf 

/i p. 

Then converges absolutely and uniformly on the whole Ui. Let Aip) = limi, (p) and let 

(p = {A{p)}- Then we have ~ 4>\\ —t 0 as n —)■ 00. On the other hand, from (12.3.221) . we have 

5(p = (0, W,^), where W^p) = 0 for p G Uf. By identity theorem, W^p) = 0 for p G Ui. Hence we have 
S{A^A — A = {A^A^W^^A which contradicts to l{A^'’\W^^'’'^) = 1- D 

By Lemma [2.3.21l we can choose «S'i|^+i(t) <C C4 (^ -I- A{t). We note (12.3.81) and (I2.3.17|) . By setting 

c > max{26ci(l + c\), ^,04604 -I- cAdi}, we get (j2.3.18D . Since the constants h, c, ci,di are independent of p, 
we have (12.3.21) . (12.3.31) . and (12.3.41) . By letting N = {t| < ^}, the power series Si{p,t), fik{p,t) 

and Ti{p, t) converges absolutely and uniformly for t G A^ so that Si{p, t), Ti{p, t) and fik{p, t) are holomorphic 
on Uf X N and Uf (^U^x N, respectively, and satisfy (12. 2. 41) . (12.2.51) . (12.2.61) . (12.2.71) and (12.2.81) by replacing 
Ui by Uf. This completes the proof of Theorem 12.2.31 

□ 
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2.4. Maximal families: Theorem of completeness. 

Definition 2.4.1. Let V C {W x M, Aq) ^ M be a Poisson analytic family of compact holomorphic Poisson 
submanifolds of (IT, A) of codimension 1 and let to be a point on M. We say that V ^ M is maximal at to 

if, for any Poisson analytic family V' C {W x M',A) M' of compact holomorphic Poisson submanifolds 
of (IT, Aq) of codimension 1 such that uj~^{to) = uj'~^{to),to € M', there exists a holomorphic map h of a 
neighborhood N' of Pq on M' into M which maps Pq to to such that uj'~^{P) = uj~^{h{P)) for P G N'. We 
note that if we set a Poisson map h : (W x N',Ao) -G (W x M, Aq) defined by (w,P) —>• (w, h(t')), then the 
restriction map of h to V\n' = C {W x N',A) defines a Poisson map V'\n' —?■ V so that V'\n' is 

the family induced from V by h, which means V ^ M is complete at to ■ 

Theorem 2.4.2 (Theorem of completeness). Let V C {W x M, Aq) ^ M be a Poisson analytic family of 
compact holomorphic Poisson submanifolds o/(W, Aq) of codimension 1. If the characteristic map 

Pd,o ■ TqM —>• IHI°(Vb,ATo’lv-o) 

is an isomorphism, then the family V ^ M is maximal at the point t = 0. 

Proof. We extend the arguments in |KS59| p.494-496 in the context of holomorphic Poisson deformations. 
We tried to maintain notational consistency with [KS59] . 

Suppose that M = {t| ^ Pd,o ■ TqM —>• ]HI°(Vo, A/”*Ivi,) is an isomorphism. Let 

Uj' 

V C {W X M, Aq) —5- M' be an arbitrary Poisson analytic family of holomorphic Poisson submanifolds 
of (IT, Aq) of codimension 1 such that w'“^(0) = Vq, where M' = {s| |srP < !}■ We will construct 
a holomorphic map h : s ^ t = h{s) of N' into AI with h{0) = 0 such that tLi'“^(s) = uj~^{h{s)) where 
= {^1 ^ sufficiently small number 5 > 0. 

We keep the notations of subsection l2.2l so that {Si{p, t)}, {fik{p, t)}, and {Ti{p, t)} determine the Poisson 
analytics family V. Let {i?i(p, s)}, {eife(p, s)} and {Qi{p,t)} and be the corresponding system defining 
V' C (W X M',Ao) so that we have 

(2.4.3) Si{p,t) = fik{p,t)Sk{p,t), [Ao, Si{p,t)\ = Si{p,t)T^{p,t) 

(2.4.4) iij(p, s) = eik{p, s)Rk{p, s), [Aq, Rt{p, s)] = R^{p, s)Q^{p, s) 

We may assume that 

(2.4.5) Si{p,0) = Ri{p,0) = Wi{p), fik{p,0) = eik{p,0) = fik\o{p), Ti{p,0) = Ri{p,0) = Ti\o{p). 

We expand S'i(p, t) = Wi(p)-|-iS'i|o(p, t) + <S'i| 2 (p, t) + -■ • and let 5'i|i(p, t) = ^irip)tr- Then the restriction 

I3ir{p) of Bir{p) to Vo satisfy 

(2.4.6) Pzrip) = f^k\oip)|3kr{p), pGVonU^nUk, 

(2.4.7) -W^r{p),Ao]\vo + ldiripm\o{p) =0, pGVonU, 

and {Pi, ...,Pm} forms a basis of ]HI°(Vb, A/’Jly^) by the hypothesis. 

If there exist non-vanishing holomorphic functions fi(p,s) defined on Ui x N' satisfying 

(2.4.8) f^{p, s)RPp, s) = S^{p, h{s)), 

we get a;'“^(s) = uj~^{h{s)). Recall Notation [T] and let us write h{s) and fi{p,s) in the following form: 

oo oo oo 

h{s) = (/ii(s) = ^ h^iij_{s),hm{s) = ^ hr\f,{s)), fi{p, s) = 1 -p ^ fi\f,{p, s), 

^ — 1 fL—1 p, — l 

We will construct such fi{p, s) and h{s) satisfying (|2.4.8p by solving the system of congruences by induction 
on fx 

(2.4.9) ff{p,s)Ri{p,s)=^Si{p,h^{s)), ^ = 0,1,2, •••. 

(I2.4.9|) n follows from (I2.4.5|) . Now assume that h^~^{s) and fi~^{p,s) satisfying H2.4.9l) „-i are already 
determined. We will find h^[s) and /i|^(p, s) such that h^ := h^^~^{s) + h^[s) and fi{p,s) := fi~^{p,s) + 
fi\tj,{p, s) satisfy (12.4.91) ,,. We can define homogenous polynomials ri|^(p, s) of degree ^ in s by 

(2.4.10) T,i^{p,s) ff~'^{p,s)Ri{p,s) - Si{p,h>^-'^{s)), pGUi 
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Then we claim that 

(2.4.11) ^z\^(,P,s) = fik\o{p)^k\tJ.(,P,s), peVoDUinUk 

(2.4.12) [Ao,ri|^(p,s)]U,(p)=o = ri|^(p,s)T,|o(p), peVoCiUi 

Indeed, (I2.4.11|) follows from [KS59] p.496. On the other hand, to prove p.4.12p . we remark that 

(2.4.13) [Ao,/f“^(p,s)] + Q*(p,s)/f”^(p,s)-/f"^(p,s)ri(p,/i'""^(p,s)) =^_i 0 

Indeed, by applying [Aq,-] on {p, s)Ri{p, s) =^_i S^{p,h>^~'^{s)) in (|2.4.9l) ^,-i , we get, from (I2.4.3L 
(EAl, and 

[Ao,/f“^(p,s)].R*(p,s) + [Ao,i?i(p,s)]/f"^(p,s) =^_i [Ao,S'*(p,/i'""^(s))] 4=> 

[Ao,/f“^(p,s)].R*(p,s)+ .R*(p,s)Q»(p,s)/f"^(p,s) =^,-1 S,{p,h^^~'^{s))T,{p,hf^-'^{s)) =^_i f^~^{p,s)R,{p,s)Ti{p,h^^-^{s)) 
([Ao,/f”^(p,s)] +Qi(p,s)/f“^(p,s) - f^~^{p,s)T,{p,hf^~^{p,s)))Ri{p,s) =^_i 0 
which proves (I2.4.13|) . By using (I2.4.13|) . we get, from (12.4.101) ,,. (12.4.31) . and (12.4.41) . 

(2.4.14) 

[Ao,ri|^(p,s)] [Ao,/f"^(p,s)i?*(p,s)] - [Ao,S'*(p,/i'"“^(s))] 

=M [^oJt~^{p,s)]Ri{p,s) + [Ao,i?*(p,s)]/f“^(p,s) - [Ao,S',(p,/i^"^(s))] 

=M [Ao,/f"^(l5,s)]i?i(l5,s) + Ri{p, s)Qi{p, s)f[-~\p, s) - S',(p,/i'""^(s))r,(p,/i'"“i(s)) 

[Ao, /f”^(p, s)]i?j(l5, s) + i?i(p, s)Qi(p, s)/f“^(p, s) + ri|^(p, s)ri|o(p) - ft~^{p, s)Ri{p, s)Ti{p, hi^-^{s)) 

=M ([Ao, /f”^(p, s)] + Qz{p, s)/f ”^(p, s) - /f"^(p, s)T)(p, /i'""^(p, s)))i?i(p, 0) + ri|^(p, s)Tiio{p) 

By restricting (12.4.141) to Vq (i.e by setting Si{p, 0) = Ri{p, 0) = Wi{p)), we obtain 

(2.4.15) [Ao,r,|^(p,s)]|„.(p)^o =M ri|^(p,s)T)|o(p), peVoDUi. 

This proves (12.4.121) . From (12.4.111) and (12.4.121) . there exist homogenous polynomials of degree p, in s 
such that 

m 

(2.4.16) '^Pir{p)K\f,{s) =T,i^{p,s), peVoOC/* 

r—1 

From /i^(s) = h!^~^{s) + /ir|/i(s), the congruence (12.4.91) ,, is equivalent to (for the detail, see |KS59| p.496) 

m 

(2.4.17) ^ B„{p)h^\^,[s) = Wi{p)f^\^,{jp, s) + ri|^(p, s) 

r—1 

By setting fi\fj,{p, s) := ^r=i (I2.4.17|) . which completes the inductive construction 

of /i^(s) and fi{p,s) satisfying (12.4.91) ,,. □ 

2.5. Proof of convergence. 

The convergence of hr{s), fi{p, s) follows from the same arguments in [KS59] p.497-498, which completes 
Theorem 12.4.21 

3. Deformations of compact holomorphic Poisson submanifolds of arbitrary codimensions 

We extend Definition 12.0.26| to arbitrary codimensions. 

Definition 3.0.1 (compare |Kod62p . Let (IF, Aq) be a holomorphic Poisson manifold of dimension d + r. 

We denote a point in W by w and a loeal coordinate of w by (w^,..., rc’'"*"'^). By a Poisson analytic family 
of compact holomorphic Poisson submanifolds of (IF, Ag) we mean a holomorphic Poisson submanifold V C 
(IF X M, Ag) of codimension r, where M is a complex manifold and Ag is the holomorphic Poisson structure 
on W X M induced from (IF, Ag), such that 

(1) for each point t S M , Vt x t := uj~^{t) = V (~l 7r“^(t) is a connected compact holomorphic Poisson 
submanifold of (IF x t, Ag) of dimension d, where uj : V ^ M is the map induced from the canonical 
projection tt : IF x M ^ M. 
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(2) for each point p €V, there exist r holomorphic functions fa{w, t), a = 1,r defined on a neighbor¬ 
hood Lip of p in W X M such that rank= r, and Lip Cl V is defined by the simultaneous 
equations fa{w, t) = 0,a = 1,r. 

We call V C {W x M, Aq) a Poisson analytic family of compact holomorphic Poisson submanifolds Vt^t G M 
of (Vk, Aq) . We also call V C {WxM, Aq) a Poisson analytic family of deformations of a compact holomorphic 
Poisson submanifold Vto of {W, Aq) for each fixed point to € M. 


3.1. The complex associated with the normal bundle of a holomorphic Poisson submanifold in 
a holomorphic Poisson manifold. 

Let (IT, Aq) be a holomorphic Poisson manifold and y be a holomorphic Poisson submanifold of (W, Aq). 
Let U = {Wi} be a open covering such that Wi is a polycylinder with a local coordinate {wi,Zi) = 
{wj,...,wl,zl,...,zf) such that Wi = {{wi,Zi)\\wi\ < l,\zi\ < 1}, where = max^ |zi| = maxa|zf|, 
the local coordinate (wi, Zi) can be extended to a domain containing the closure of Wi and on each neighbor¬ 
hood Wi,V PWi coincides with the subspace of Wi determined hy wl = ■ ■ ■ = = 0. On the intersection 

Wi n IPfcj the coordinates w\, ...^wl,z], ...^zf are holomorphic functions of Wk and Zk'- wf = f°f{wk: Zk),Oi = 
l,...,r,zf = g^^.{wk,Zk),X = l,...,d. We set f^k{wk,Zk) := {fki^k, Zk), ■ ■ ■ flki^k, Zk)) and gik{wk,Zk) = 
i.9]k('^k,Zk), - • ■ ,9fki'^k,Zk)) so that we write the formula in the form w* = fikiwk, Zk), Zi = gik{wk,Zk). 
Then we have /ife(0, Zk) = 0 and so wf = ffj.{wk,Zk) has the following form: 

r 

(3.1.1) wf = fg{wk,Zk) = '^wlFff,p{wk,Zk) 

/ 3=1 


We set Ui =V PWi = {{0,Zi)\\zi\ < 1}. We denote a point of P by z and if z = (0, Zi) € Ui, we consider 
Zi = {zj ,..., zf) as the coordinate of z on Ui. We indicate by writing z = (0, Zk) € UkCiUi that z is a point 
in Uk n Ui whose coordinate on Uk is Zfc. We note that 

(3.1.2) = z={0,Zk)€U,nUk, 

dwf 

and let Fik{z) := z))a,p=i,...,r- Then the matrix valued functions Fik(z) satisfy Fik{z) = Fij(z)Fjk(z) 

for z e UiCiUj CiUk so that they define the normal bundle Ny/w- 

On the other hand, since F is a holomorphic Poisson submanifold of (IT, Aq), [Ao,^^] is of the form 

r 

(3.1.3) [Ao,w“] ='^wfTf^{wi,Zi) 

/ 3=1 


where Tf^{wi,Zi) = Zi)-^ + ■■■ + Zi)^ + 2*)^ + • • • + Qt/siwi, Zi)^ & 

r(Wi, Tw) by which we consider Tf^{wi,Zi) a vector-valued holomorphic function on Wi. Then on Wi D Wk, 
we have 


(3.1.4) [Ao,w^“] = ^ wf7;'^(w„z,) = '^f^ki^k,Zk)Tfjwi,z,) 

13=1 13=1 

On the other hand, from (13.1.111 and (j3.1.311 . 

r r 

(3.1.5) [Ao,w“] = '^w^[Ao, Fflfii{wk, Zk)] + '^ Fflpiwk, Zk)[Ao,w^] 

13=1 f3=l 

r r 

= J2^k{^0,F^1|3(.Wk,Zk)]+ PS.I3iwk,Zk)wlTfp{wk,Zk) 

13=1 /3,7=1 

By taking the derivative of p.l.4|l and (13.1.511 with respect to wf and setting Wfc = 0, we get from (I3.1.2L 
on T{Ui in Uk,Tw\v), 

r r 

E ^k)TfliO, Zi) = [Ao, Fff^{0, Zk)]U=o + E ^fe/3(0- Zk) 

f3=l P=1 


(3.1.6) 
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On the other hand, from (13.1.3D . we have 


0 = [Ao,[Ao,w;“]] = ^[Ao,n;f7;'^(wi,Zi)] = - [Aq, wf] A Zi) 

/ 3=1 / 3=1 

= ^ w]T^^(wi,Zi) ATfjwi,z,) 


/ 3 , 7=1 


(3.1.7) 


= l^o,Tf^{wi,z,)]-'^Tf^{w„z,) AT^^{w,,z,) 

\ 7=1 / 


9=1 


By taking the derivative of (I3.1.7D with respect to wf and setting Wi = 0, we get, on T{Ui,Tw\v), 
(3.1.8) 

Now we define a complex of sheaves associated with the normal bundle My/w'- 


[Ao, TfjO, Zi)]U=o - E ^7(0’ = 0 

7^1 


■^V/W ^ J^V/W ® T\y\v ^ J^V/W ® A^Tvf |y J^V/W ® ^^Tw\v ^ ' ’ ' 

First we define V : My/w J^v/w®Ty\w and then extend to V : J\fy/w®^^Tw\v My/w®^^'^^Tw\v 
in the following. We note that T{JJ^,^^w/v) — ©’T({7i, Oy) and T{U^,Ny/w ® Tw\v) — ®’T(f7i, Ty/|y). 
Using these isomorphism, we define V on Afy/w by the rule 


V(e“):=^i;“^(0,z,)ef 

/3=1 


Oi — th 

where e“ = (0, • • • , 1 , • • • , 0) S ®7ir([/i, Oy). In general, we define 
V ; ®"r(C/„ Oy) -A ®"r(C/„Tu.|y) 

r r r ^ ^ 

^ -laf ’ ^o]\wi=o ■ ef + ^5*“V(e“) = ^ -[5“,Ao]U,=o + '^ Zi) ) e“ 

a=l a=l Q!=l Oi—1 \ ^—1 


where gf € r{Ui,Oy). 

We extend V on My/w ® M’TwW- My/w ® MTw\v ^ My/w ® is locally defined in the 

following way: we note that T{Ui,My/w ® M’TwW) — ®’T([/i, A^’Try|y) and T{Ui,My/w ® AP''‘^TvF|y) = 
©’'r({7i, A^+^Truly)- From these isomorphism, we define V by the rule 


V : (B'^V{U,,A^Tw\y) -A A^+^TwW) 

r r r 

E 9?e? ^ E ^o] U.=o • e“ + (-1)^ E 9? A V(e“) 


Q!=l 


Q;=l 


a=l 


= E -[5“,Ao]U=o+ (-!)" EffE^^fjO,©) e“ 


where gf S T[Ui, A^TwW)- 
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First we show that V defines a complex, i.e. V o V = 0. Indeed, 

VoV(^gre“) = V(^ [-[gr,Ao]U.o + (-irE5f e“) 

a— 1 a—1 y ^—1 J 

= -[(-ir^5f A7;^j0,^.),Ao]U=o-e“ + (-iri^ \-[9T,Ao]U^o + {-irY.9^^TfjO,z,)]v{ef) 


3=1 


1=1 \ 


3=1 


= (-l)P+i ^ [^f A7;^„(0,z,),Ao]k=oe“ + (-ir ^ [gf, Ao]k=o A ke“ - E 9^ ATf^iO, z.) AT2{0, z.)t 

a,0—1 a,0—1 a,/3,7—1 

Hence in order to show V o V = 0, we have to show that 
(3.1.9) 

r r r 

(-l)P+i^[gf ATfkO,z.),Ao]U.=o + {-ir'£i9f^Ao]U=oATi{0,z.) - E sf A z.) A I)X(0, = 0 

/3,7=1 


3=1 


3=1 


Indeed, from (13.1.81) . (13.1.91) becomes 

r r 

(-1)^+' E [5f > Ao]U .=0 A Tf^iO, z,) + {-ir+^+P 9^ A [TfjO, z,), Ao] U.=o 


/3=1 


+ (-irE[5f^Ao]U,=oAi;^k0,z.)- E gf ATf^{0,z.)AT2^{0,z.) 


/3=1 


/3>7=1 


= E 5,^ A [Ao, rfko, z,)]U.=o - Y. 9^ A Tf^{0, z.) A T2^{0, z.) 


3 , 7=1 


[Ao, Tf^iO, Zi)]U=o - Y ^7(0’ A kl(0, ^.) = 0 

/3=1 \ 7=1 / 

Hence V o V = 0. 

Next we show V is well-defined. In other words, on C/^ (d C/fe, the following diagram commutes 
(3.1.10) 

T{UkMw/v ® APTw/v) = (B^r{Uk,APTw\v) E r(C/„ Ak/v ® APTw/v) = ©"r(C/„ APTw\v) 


i 


b 


T{Uk,Mw/v ® AP+^Tw/v) = ©^(C/fe, AP+^Tw/v) E r(k, Ak/v © AP+kw^/v) = ffi’'r(k, AP+^Tw/v) 

Let E;=i5^efc £ ©’'r(k, Ai^Tu^jy). Then V(Eki 5^^ = E;=i(-[ 5^, Ao]U.=o + (-l)^E^=i5f A 
T^^(0, Zk))e’l is identihed on Ui (~l Uk with 


r I r 


(3.1.11) 


E E-^Io(0,^Ok“,Ao]k=o+ (-!)" E kL(0,^05fATfkO,Zfc)|e? 

7 = 1 \a=l a,0—1 


On the other hand, X[a=i 5kfe is identified on k O Uk with J2a,-y=i^^^ka(^^ ^k)gk)e] G ®’'r(k, A^ky |y) 
and 

(3.1.12) 


r / r 


V( E JO, Zfe)g,“)eZ) = E E-[^iIc(0,^fc)-7fc,Ao]U,.o + (-!)" E F^iO, Zk)g^ ATf^{0, z,) | e] 

Q!,7=l 7 = 1 \a=l a,0—1 
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Hence in order for the diagram (13.1.101) to commute, we have to show that (13.1.111) coincides with (13.1.121) : 

r r r 

(-1)" E /^T^fea(0>^fc) = E-[^^fec.(0,^fc),Ao]k=oAg^ + (-l)^’ E Ff,j0,z,)g^ ATf^{0,z.) 




a=l 


E Fg^{0,Zk)n^{0,Zk)Ag<^ = E -[Fgj0,Zk),Ao]U=oA9k + E F^.^iO, Zk)Tf^{0, z.) A g<^ = 0 

a,0=1 a=l a,0=1 


which follows from (13.1.61) . Therefore V is well-defined. 

Definition 3.1.13. ITe call the complex defined as above 

J^v/W ■ -^V/W ^ J^vjw ® Tw\v d^vjw ® A^TwIu d^vjw ® A^Tiyjy • 

the complex associated with the normal bundle Afvjw of a holomorphic Poisson submanifold V of a holo- 

Kvm^/w). 


morphic Poisson manifold W and denote its i-th hypercohomology group by . 


Example 1. On W = C^, let (z,wi,W 2 ) be a coordinate and Ag = wiz-^^ A be a holomorphic Poisson 
structure on . Then wi = W 2 = 0 is a holomorphic Poisson submanifold V = C with coordinate z so that 
the normal bundle is Mv/w — F>c © Oc- Then [Ao,wi] = wiz-^^ and [Ag, ^ 2 ] = '^i(~Zg^) so that we get 
Fhz) = z-^,Tf{z) = 0 and Tf{z) = -z-^,Tf{z) = 0. Since [Ag,/i( 2 ;)]|„^=„ 2 =g = 0 for entire functions 
Mz),i = 1,2, we have V(/iei-^7262) = {fiTf{z) + f 2 Tf{z))ei + {fiTf{z) + f 2 Tf{z))e 2 = {fiZ-^,-fiz^) 
so that ]HI°(1/,= {{0, f 2 {z))\f 2 {z) is an entire function}. 

3.2. Infinitesimal deformations. 

Let Ml = {t = {ti,...,ti) e C*||t| < 1}. Consider a Poisson analytic family V C {W x Mi,Ag) of 
compact holomorphic Poisson submanifolds Vt,t G Mi of (IP, Ag) and let P = Pg as in Definition 13.0.11 We 
keep the notations in subsection 13.11 Let e be a sufficiently small positive number. Then for |t| < e, the 
holomorphic Poisson submanifold Vt of IP is defined in each neighborhood Wi by simultaneous equations of 
the form = (p^{zi,t),X = 1, ...,r where the (p^{zi,t) are holomorphic functions oi Zi,\zi\ < 1, depending 
holomorphically on t, |t| < e, and satisfying the boundary conditions (p^{zi,0) = 0, A = l,...,r. By setting 
ipi{zi,t) = {ipj{zi,t), ■ ■ ■ ,(p}{zi,t)), we write the simultaneous equation as Wi = ipi{zi,t). Then we have 
Tt{ 9 tk{Tk{zk,t),Zk)jt) = fik{Tk{zk,t),Zk). For each t, \t\ < e, we set - (p^{zi,t),X = l,..,r so 

_ 


dwt 




for zt G Vt r\Wi Cl Wk, where we denote by (^^(zt)) the value of the partial derivative at a point zt 

^'^tk 

on p. Then the collection {Ftik{zt)} of Ftik{zt) forms a system of transition matrices defining the normal 
bundle Ft of Vt in IP. Note that Foik{z) = Fik{z) for z GUiOUk from (|3.1.2I) . 

Take an arbitrary tangent vector ^ = 'l2pTp-^ of ^1 C |f| < e, and let ifi{zt,t) = 
for Zt = {(pi{zi,t), Zi). Then we obtain the equality 

(3.2.1) ifi{zt,t) = Ftik{zt) ■ ifk{zt,t), ioi Zt GVtOWiOWk- 

On the other hand, Wi — ipi{zi,t) = 0 define a holomorphic Poisson submanifold, we have 


(3.2.2) 


[Ac,w,^ - ‘pHzi,t)] = - ip^izi,t))T}}iw, Zi,t) 

11=1 

for some Tjf'lwi, Zi, t) which is of the form 


d 


d 


d 


Ttx{wi,Zt,t) = Pf[{w^,Zi,t)-^ H- + Pf}.{wi,Zi,t)-^ + Qf^{wi,Zi,t)-^ + 


+ Q^Aw^,z„t)-^ 


'dwl ' ' ^ 

by which we consider T^^{wi^ Zi, t) as a vector valued holomorphic function of {wi, Zi,t). 

By taking the derivative of (13.2.21) with respect to t, we get [Ag, = J2li=i Zi,t) + 

— Pi (zi, t)) ^ gy restricting to Vt, equivalently setting Wi — ipi{zi,t) = 0, we get, on 
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T{W^r\Vt,Tw\v,), 

(3.2.3) 

dipl{zi,t) 

— [Aq 


dt ^ dt 

/x=l 

From (13.2.11) and (I3.2.2L {'tpi{zi,t)} defines an element in ]HI°(Vt, so that we have a linear map 


E 


d‘Piizi,t) 


Tl{{(fi{zi,t),zi,t) =0 <;=> -[tj}^{zi,t),Ao]\vt +'^'ip^{zi,t)Tll{(fi{zi,t),Zi,t) 


^ fir 


We call at the characteristic map. 


Example 2. Let [Co; Ci; ^2, Ca] the homogenous coordinate on P^. Let [1, zi, Z 2 , Z 2 ] = [1, |^, ||, |^]. Then 
V C (P^ X C, Aq = zi A defined by Ci = Cs ~ = 0 is o Poisson analytic family of deformations of a 

holomorphic Poisson submanifold P^ = E : = ^3 = 0 0 / (P^, Aq). We note that A/Jpi /p3 ~ Opl (1) © Opl (1) 

so that we have the characteristic map 

ToC ^ W.°{V,Uv/rl) = ((^Pi(l) ® Opi(l))*) 

a (0, a) = (0 + 0 • Z 2 , a + 0 • Z 2 ) 


3.3. Theorem of existence. 


Theorem 3.3.1 (theorem of existence). Let V he a compact holomorphic Poisson submanifold of a holo¬ 
morphic Poisson manifold (IF, Aq). If {V, Afy^yy) = 0, then there exists a Poisson analytic family V of 
compact holomorphic Poisson submanifolds Vt, t G Mi of (IF, Aq) such that Vq = V and the characteristic 
map 

(To : ro(Mi) ^ H°(E, AT;/^) 
dt^ \dt 

is an isomorphism. 

Proof. We extend the arguments in [Kod62) p.150-158 in the context of holomorphic Poisson deformations. 
We tried to keep notational consistency with |Kod62] . We also keep the notations in subsection EH 

Let { 71 ,..., 7 p,..., 7 ;} be a basis of ]HI°(P, A/’y/^y), where I = dimIHI°(P,A/’y/;,(/). On each neighborhood 
= P n Wi, 7 p is represented as a vector-valued holomorphic function 

such that 

(3.3.2) 'ypi{z) = Fik{z) ■ ^pk{z), zeUiCiUk 

r 

(3.3.3) -[J^fi,l‘^i{zi)\\w,=fi + ^lpi{zi)T^c.{^,Zi) =0, Zi&Ui, a = l,...,r. 

/3=1 

Let e be a small positive number. In order to prove Theorem 13.3.11 it suffices to construct vector-valued 
holomorphic functions 

ipi{Zi,f) = {ip\{Zi,f), ...,ipl{Zi,f)) 

in Zi, and t with \zi\ < 1 , |t| < e, with \{pi{zi,f)\ < 1 satisfying the boundary condition 

( o^_^ dipi[Zi,f) _ 

0 ) — 0 ; |i —0 — 'ypi(^) 

such that 

(3.3.4) g^i{gik{<Pk{zk,t),Zk),t) = fik{p{zk,t),Zk), {(pk{zk,t),Zk) G Wk niFi, 

(3.3.5) [Ao,^" - (p“(z,,t)]|^.=,p^^.^t) = 0, a = l,...,r 
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Recall Notation [TJ Then the equalities (13.3.41) and (13.3.51) are equivalent to the system of congruences 

(3.3.6) (p^{giki(p'^{zk,t),Zk),t) fik{<pTi.Zk,t),Zk), m = l,2,3, ••• 

(3.3.7) [Ao,-u;“ - =m 0, m=l,2,3,---, a = l,...,r. 

We will construct the formal power series ip^{zi,t) satisfying (13.3.61) ^ and (13.3.71) ^ by induction on m. 
We define ip^^{zi,t) = ^p7pi(-2j)i Then from (13.3.21) . ipni{zi,t) satisfies p.3.6P i . On the 

other hand, since [Aq, 7“ (zi)] U,=o = 7pi(^0T)a(^*, 0), a = l,...,r from (I3.3.3D , we get 

I I r r 

[Ao,7’^i(^d<)]U.=o = [^o,'^tp-f^^{zi)]\^,=o = '^'^tp-f^^{z,)Tfjzi,0) = '^(p^^^{zi,t)Tfjzi,0) 

p=l p=l/3=l /3=1 

Then we have [Ka,ip‘^^-^[zi,t)] = E^=i “ YJ'p=i'u^i for some Pf^{wi,Zi,t) 

which are homogenous polynomials in of degree 1 with coefficients in r(Wi,Tw). Hence from 

(I3.1.3p . we have 

[Ao,< -(/?)]i(zi,t)] = - g}^^^^{zut))T^^{wuZi) + '^w^^P^^{wi,Zi,t) 


so that we obtain [Aq, wf — ipi\i{zi, t)\\wi-(pnx{zi,t) =1 0 and so ipi\i{zi, t) satisfies (I3.3.7p i . Hence the induction 
holds for m = 1. 

Now we assume that we have already constructed <fi^{zi, t) = {(fj'^{zi, t), - ■ ■ , (pf'^{zi, t), - ■ ■ , (pl"^{zi,t)) 
satisfying (13.3.61) ^ and (I3.3.7p ^ such that [Ag, wf — (/?“"*(z^, t)] is of the form 

r r 

(3.3.8) [Ao, Wi - ipi'^{z^,t)] = ^(wf - ^p^^{zi,t))Tf^{wi,Zi) + Qi'^{z^,t) + '^wf Pf^{wi, Zi,t) 

/3=1 13=1 

such that the degree of Pf^{wi,Zi,t) is at least 1 in We note that we can rewrite (13.3.81) in the 

following way. 

- ipf"^{z^,t))Tf^{wi,Zi) + Q“'"(zi,t) + ^ (j)f"^{z^,t)Pf^{ip^{z^,t),Zi,t) + ^(wf - ipf"'{z^,t))L^^{w 
13=1 0=1 0=1 

such that the degree of L^^{wi,Zi,t) in ti,..., t/ is at least 1 so that p3.3.8p becomes the following form; 

(3.3.9) 

[Ao,< - = ^(wf - ip^'^{zi,t))T^^{w^,Zi) + K^^{zi,t) + ^(wf - ip^'^{zi,t))L^Jwi,Zi,t) 

0=1 0=1 


where K^^{z^, t) := Qf^{zi,t) + <(>f™(2i, t)P(’^{ip^{zi, t),z^,t). 

We set 


j0m. 


(3.3.10) 

(3.3.11) 


'4’ik{zk:t) ■— [v’i {.9iki}Pk {^kit)t Zk)jt) fik{Vk i^kjt), Zk)]m+1 
G2{zi,t) := [[Ao,w“ - (p“™(zi,t)]|„.=,^m(^.,t)]™+i, a = 1, 


We claim that {(iplki^k^t), ...,'0’).(zfe, t))}©{(-G)(zi, t),..., -Gl{zi,t))} defines a 1-cocycle in the following 
Cech reolution of 

C°{ll nv,Afw/v a'^TwW) 

V 

{14 n V,Af\Y/v ^ Pw\v) -^ {14 n <S) T\Y\y) 


c°{ur\V,Nw/v) 


-5 


C^{J4 n V,Afw/v) 


A C'^{U0\V,Mwiv) 
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By defining -ipikizjt) = ^ik{zk,t) for {0,Zk) GUtri Ui, we have the equality (see |Kod62] p.152-153) 

(3.3.12) -ipikiz^t) ='il^^j{z,t) + Fij-il^jkiz^t), ioT z eUinUj nUk 
On the other hand, by applying [Aq, —] on (13. 3. 91) . we have 

(3.3.13) 

r r 

0 = [Ao,[Ao,< -(/?“”"]] = -i^o, A Tfjwi,Zi) + '^{w^ - <f^'^{zi,t))[Ao,Tfjwi, Zi)] 


+ [Ao, t)] + ^ - [Ao, wf - (pf {Zi,t)] A Lf„(u;i, Zi,t) + - (pf (z*, t))[Ao, Af„(u>*, z„t)] 

/3=1 


9=1 


By restricting (13.3.131) to wt = ip"^{zi,t), since Gf{zi,t) =m 0,a = 1, ...,r, we get 

r r 

0 =m+i ^ -Of {zi,t) A Tf^(0, Zi) + [Aq, t)]Ui=c,3™(2j,i) + ^ —of {zi, t) A L^^{(p^{zi,t), Zi, t) 

/9=1 /3=1 

Since the degree L{wi,Zi,t) is at least 1 in ti, and we have, from (13.3.91) . 

r 

(3.3.14) Gnz^,t) =m+i Kr{zr,t) = + ^</.f™(^„t)J^^„'"((pf"*(z„t),z„t), 

/3=1 


we obtain 
(3.3.15) 


0 =m+l ^ —G^ {Zi,t) A Tf^{0, Zi) + [Aq, G°‘{Zi, t)]|u;i=0 


Next, since {wk,Zk)-ig^k{wk , x/c), t)- [/"^((^™(zfc, t), Zfc)- {gik{<fk (^fe. 0> )> 0] = E^=i(“'f “ 
ipl'^{zk,t)) • S^^{wk,Zk,t) for some S^^{wk, Zk,t). By setting t = 0, we get f“kiwk,Zk) - f‘l{0,Zk) = 
S^=i ■ ^kai'^k, Zk, 0), and then by taking the derivative with respect to and setting Wk = 0, we obtain 


(3.3.16) 

Then we have 


df‘l{wk,zk) . _ ^ . . 

Q^-f |i«fc=0 — 2;fe, UJ. 


[Aq; /ife(ll'fe) 2fe) ‘fi {gik{wk, Zk),t)]\wic=ip^(zic,t) + [Aq) '*/'ife(2fe; 0]l'li'fc=0 

=m+l [Aq, fik{'^k^ Zk) ~ g>i {gik{wk, Zk), i)\\wk=if'^{zk,t) T [Aq; '^iki.Z^k, t)]\wk=v'k(zk,t) 
=m+i [Ao,fgiwk,Zk) - ip'^'^ig^k(wk, Zk),t) + 'ip°f,{zk,t)]\^k=vTGk,t) 

r 

=m+l [Ao,^{w^ - ip^^^"^izk,t))S^^{wk,Zk,t)]\^k=v]^{zk,t) 

/3=1 

r 

=m+l ■ S^^{(p^{zk,t),Zk,t) 

/3=1 

=^+i j^GlM) ■ st{Q,Zk,Q) =™+i ^Gf(zfe,t) • 

/3=1 /3=1 

Hence we obtain the equality 

(3.3.17) [AQ,f^^,{wk,Zk) - V5r™(ffzfe(u'fe,^fc),i)]U,=^-(z,,t) + [Aq, 0]Ufc=o 

^m+ijZGi{zk,t) ■ St{Q,Zk,Q) = j2G^{zk,t) ■ 


3=1 


3=1 


|iu ),=0 
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On the other hand, from (13.3.91) . we have 

r 

(3.3.18) [AoJ^f.{wk,Zk) - lPi'^{g^k{wk,Zk),t)] = - ^p^i'^{g^k{wk,Zk),t))T^^{wi,Zi) 

p=i 

r 

+if (Zi, t) + ^ (/ffc (Wk,Zk)- (/?f ™ {g^k{Wk,Zk), t))L^^ {Wi,Zi,t) 

13=1 

By restricting p.3.181) to Wk = (p^{zk,t), we get, from p.3.141) . 

r 

(3.3.19) [Ao,/‘^(wfc,z/c)-<’”(5ife(wfe,Zfc),t)]U^=^m(^,, =„+i ^-V'ffc(zfc,<)T)'^(0,Zi) + G“(zi,t) 

13=1 

Hence from (|3.3.17|) . (13.3.19|) and (13.3.16L we obtain 

(3.3.20) ^ -ilii{zk,t)Tf^{0,z,) + Gf{z,,t) + [Ao,t)]U.=o = E 

P=1 13=1 

Hence from (|3.3.12p .(l3. 3.17D . (l3.3.20D . {(i/;)^^,(zfc, t),..., ^^[^.(zfc, t))} © {(G^i(zi, t),..., GC(zi, t))} defines a 1- 
cocycle in the above complex so that we get the claim. We call ip^n +iW := {{^}kizk,t),...,ipl^izk,t))} and 
Gm+i{t) ■= {{Gj{zi,t), ...,Gl(zi,t))} the m-th obstruction so that the coefficients of (ipm+iit), Gm+i{t)) in 
G, lies in ]HI^(H, A/'•/^y). 

On the other hand, by hypothesis, the cohomology group M}{V,Ny^y^,) vanishes. Therefore there ex- 

such that ipik{z,t) = Fik{z)(fk\m+i{z,t) - ‘Pi\m+iiz,t) and I]^=i “ 

[Ag, (^)|^_i_^(zi, t)]|^_o = —Gf{zi,t). Then we can show (I3.3.6l) ^-|-i (for the detail, see |Kod62) p.l54). On 
the other hand. 


3=1 


where the degree of R^^{wi, Zi,t) is m + 1 in ti,..., f;. Then from (I3.3.8L we have 

(3.3.21) 


[Ao,n;f -(/j“’"(©,f) -</5^„+i(©,t)] = [Acwf - (/j“™(zi,t)] + [Aq,-(/ j(]„+i(zi, t)] 

r r 


By setting (/?“^™+^’(zi,t) := (/?“™(zi,t)+v?)],.,^+i(zi,t), we show that [Ao,wf-(pf"'^^\z, 


0. Indeed, from p.3.211) and (13.3.14L 

[Ao,wf 

r 

=m+l Q?"^{Zi, t) — G^{zi, t) + Gj + I^i|m+l(©) + '^z|m+l(©) t),Zi, t) 




3=1 


=„+i Q^{z^,t) - G'^iz^G) + J2^^(z^,t)p^^(.^T(z^,t),z^,t) =™+i Kr{z^,t) - g<^{z,g) =m+i o 


3=1 


which shows (I3.3.7|) ^^i . This completes the inductive construction of the polynomials (p'^{zi,t),i G I. 


3.4. Proof of convergence. 

We will show that we can choose ip^m{zi,t) in each inductive step so that the formal power series 
(fi{zi,t),i G I constructed in the previous subsection, converges absolutely for |t| < e for a sufficiently 
small number e > 0. 
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Notation 3. Recall Notation\^ We write 


(3.4.1) 




b^{h + --- + tiY 


n —1 




instead A{t) in Notation\^to keep the notational consistency with [Kod62] . We also note that 

(3.4.2) A{tY A{t) for V = 2,3,.... 


We may assume that |.F)fe^(0, 2)| < Cq with cg > 1. Then (/jj|i(zj,<) <C A{t) if b is sufficiently large. 
We assume that 


(3.4.3) ipYiziA) A{t) 

for an integer m > 1, we shall estimate the coefficients of the homogenous polynomials tjjik{z,t) and Gf{z,t) 
from (13.3.101) and (I3.3.11|) . 

Let be the subdomain of Wi consisting of all points (wi,Zi), ItCil < 1 — (5, < 1 — 5 for a sufficiently 

small number 5 > 0 such that {Wf\i € 1} forms a covering of W, and {Uf = Wf f^V\i € /} forms a covering 
of V. 

First we estimate the coefficients of the homogeneous polynomials ipikizA)- We briefly summarize Ko- 
daira’s result in the following: we expand fikiwk) = fik(wk,Zk) and gik{wk) = gikiwk,Zk) into power series 
in wl, ...,wl, whose coefficients are vector-valued holomorphic functions of z = (0, Zfe) defined on Uk H Ui. 

We assume that fik(wk) < (w^ H-h w)))” and gik(wk) = ^-1" Then we can 

estimate 


(3.4.4) 

where cg = 2rco^^|^ 

(3.4.5) 


Yik {zk: t) C^A(tf Zk € Uk H Ui, 


^ wit 


+ rci ) with 


6> max{2cira,^^}. 

0 


Second we estimate the coefficients of the homogeneous polynomials Gf{z,t),a = l,...,r. Let Ag = 
AYwi,Zi) = Apq{wi, Zi)^ A ^ with Apq{wi, Zi) = -A’pq{w^,Zi), where = {w^,Zi) on Wi. By con¬ 

sidering coefficients Apq(wi, Zi) of A we can consider Ai(wi, Zi) a vector-valued holomorphic function 
on Wi. We expand Ai{wi) = Ai{wi,Zi) into power series in wl,...,wl whose coefficients are vector valued 
holomorphic functions of z = (0, Zi) defined on Ui and we may assume, for any p, q, 


(3.4.6) 


AlqiWi) =Alq(Wi,Zi) < ^ef:{w] +---+wiy 


n=0 


for some constant ei > 0. Now we estimate 

(3-4.7) G’f{zi,t) = [[AQ,wf - iol Zi€Uf. 

First we estimate [[Ag, in p.4.7p . We note that 

d+r 

(3.4.8) 


[Ag,u;“]|„.=,^m(^._j) = ^ 2Alq{ipY{zi,t),Zi) 
p,q=l 


dwf d 


dx^ dx‘1 


Since constant terms and linear terms of Apq(wi,Zi) with respect to w},--- ,wl does not contribute to 
[A'pq{ipY{zi,t),Zi)\^+i, we get, from (13.4.61) and (13.4.2D , 

(3.4.9) 

OO OO OO 

« 5;]e;r'M(i)" = eir^e?r”/!(()"+■ « e,rA(i) (2^) = I 




n —0 


Assuming that 
(3.4.10) 


b > 2eira, 
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we obtain, from (13.4.8|) . and (13.4.91) 

(3.4.11) [[Ao, w“]Ui=<^-(zi.t)]™+i < 2 ((i + 

Second, we estimate [[Aq, in (j3.4.7ll . We note that by Cauchy’s integral formula 

and (I3.4.3p . 

(3.4.12) 

f Ait) 


dw^ ’ dzj 2m 


-d^ <C for \zi\<l- 5. 

6 


Since constant term of A^^iwi, Zi) with respect to w}, does not contribute to [[Aq, t)]Ui=i^™(zi,t)]m+i, 

we get, from p.4.6|) . (13.4.21) and (I3.4.12|) . 

(3.4.13) [[Ao,^^{z^,m„f-iz,,t)]m+l= 

p.9=l 

,A{t) 


< 2 (r + d) 2 ^^e(‘r"A(t)”, z,€Uf 


n=l 


< 




2 {r+df\Y. E (T)" 


n —1 


n —1 




eiroN " 


n —0 


Assuming that b > 2eira, we get 
(3.4.14) [[Ao,<™(zi,, 


1 .. 4(r + d)2eira ^ rr5 

'Jm+l ^ r. Ait), Zi G . 


Hence from (j3.4.11L and (13.4.141) . we obtain 
(3.4.15) Gfizi,t) = [[Ao,!!;" - (p^°^izi,t)]\^.^,^^(^^.^t)]m+i < e 2 A(t), Zi e Uf, 

where 

4((i + r)^efr^a 4(r + d)‘^eira 


(3.4.16) 


62 = 


6b 


Lemma 3.4.17. We can choose the homogenous polynomials ipi\m+iiz,t)A G I satisfying 

l6ikiz,k) = Fikiz)ipk\m+liz,t) - ‘Pi\m+liz,t) 

r 

-Gfiz,t) = -[pt\m+i{z,t),Ao\\^,^o + ^V2^^_^^(z,t)7;'^(0,z) 

/3=1 

in such a way that (/ 5 i|m_|_i(z,t) <C 64(62 + C 3 )A(f), where 64 is independent of m. 

Proof. For any 0-cochain tp = {piiz)}, 1-cochain itf, G) = ({'!/'ife(z)}, {X)L=i Gfiz)ef}), we define the norms 
of if and (i/i, G) by 

||(^|| := max sup |(pi(z)|, 

* zGUi 

||(i/i, G)|| := max sup |V'jfc( 2 )| + max sup |G“(z)| 

zeUiOUk Ua 

The coboundary ip is defined by 

r 

Hp) ■= i-F,kiz)pkiz,t) -f p^iz),-[pfizi), Ao]U,=o + {z)Tta{0, Zi)) 

/3=1 


For any coboundary (^, G), we define 


7(1/') = _ inf \\p\\. 
Stp=(ip,G) 
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To prove Lemma [3.4.171 it suffices to show the existence of a constant c such that G) < clKV^, G)!!. As¬ 
sume that such a constant c does not exist. Then we can find a sequence {ip', G'), {ip", G"), - ■ ■ , {ip^"\G^"^), ■ ■ ■ 
such that there exists with = {ip^"'\G^"^) satisfying < 2. Then we can show that 

there is a subsequence \ ^• such that converges absolutely and uniformly on Ui. Let 

fi{zi) = lim^ (zj) and let p = {ipi{zi)}. Then we have — {p\\ —>■ 0. On the other hand 

5{ip) = (0, G^), where G^(z) = 0 for z e Uf. By identity theorem G^(z) = 0 for z € so that d{(p) = (0, 0). 
Therefore — (p) = {pGv)^ qGv)'^ which contradict to i{p^""“'>) = 1. □ 


From (13.4.41) and (13.4.16L we have 
(3.4.18) C 4 (c 3 -b 62) = C4C3-I-€462 = 


8c4CoCir^a / 2 


-b rci M- C4 


4(d-b r)^efr^a ^ A{r + d)eira 
b Tb 


From (13.4.51) . (13.4.10|) . (13.4.181) and Lemma 13.4.171 by assuming 

, 9 / 2 ^^ \ f, n 9 9 9 4(r-b c?)eira\ „ Acira „ . 

b > max{ 8 c 4 CoCir a ( j + *^4 ( 4((i -b r) efr a H- - -j , 2cira, —^—, 2eira} 

we can choose Pi\m+i{zi^t) ^ 4l(t) and so pi{zi,t) <C A{t) so that the power series pi{zi,t) converges for 
|t| < 1 ^. Then by the argument of |Kod62] p.l58, we obtain the equality 

Pi{gik{pk{zk,t), Zk),t) = fik{pk{zk,t),Zk), for \t\ < e, {(pk{zk,t), Zk) CiW^ 

[Ao,w“ - v9“(zi,t)]U,=<^,(z,,t) = 0 

for a sufficiently small number e > 0, which proves Theorem 13. 3. II □ 


In the case M^{V,Ny^^) ^ 0, our proof of Theorem 13.3.11 proves the following: 


Theorem 3.4.19. If the obstruction {ipm +i(^)j G m+i(t)) vanishes for each integer m > 1, then there exists 
a Poisson analytic family V of compact holomorphic Poisson submanifolds Vt,t G Mi, of (W, Aq) such that 
Vq = V and the characteristic map 


is an isomorphism. 


ao : ro(Mi) ^ H0(G,Ar;/^) 
d ,dVt. 
dt^^ dt 


3.5. Maximal families: Theorem of completeness. 

We note that Definition 12.4.II can be extended to arbitrary codimensions. 

Theorem 3.5.1 (theorem of completeness). Let V be a Poisson analytic family of compact holomorphic 
Poisson submanifolds Vt,tG Mi, of {W,Ao). If the characteristic map 

ao : ro(Mi) ^ H°(To,A/';„/w) 

dt^ \dt 

is an isomorphism, then the family V is maximal at t = 0. 

Proof. We extend the arguments in |Kod62) p.158-160 in the context of holomorphic Poisson deformations. 

Consider an arbitrary Poisson analytic family V of compact holomorphic Poisson submanifolds T/, s G M' 
of (yV, Aq) such that Vq = Vq, where M' = {s = ( 54 ,..., Sq) G C‘?||s| < 1}. We shall construct a holomorphic 
map h ■. s ^ t = h{s) of a neighborhood N' of 0 into Mi such that h{0) = 0 and Vf = Vh{s)- 

We keep the notations in 13.21 so that the holomorphic Poisson submanifold Vt is defined in each domain 
Wi,i G I hy Wi = pi{zi, t) and satisfy 

r 

[Ao, wf - pf{zi,t)] = - Pi {zi,t))T,i{wi,Zi,t). 

p=i 


(3.5.2) 
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We may assume that is defined in each domain Wi,i & I ,hy Wi = 9i{zi, t), where Oi{zi, t) is a vector-valued 
holomorphic function of Zi,s with \zi\ < l,|s| < 1 , and satisfy 


(3.5.3) 


[Ao, - 0f{Zi,s)] = - ef {Zi, s))Pf^{Wi, Zi, s) 

13=1 


for some Zj, s) which are power series in s with coefficients in r(Wi, Tw) and Pj^( 0 , Zi, 0 ) = T-^( 0 , Zi). 

Then = Vh(s) is equivalent to 

(3.5.4) 9i{zi,s) = ipi{zi, h{s)) 


Recall Notation [T] and let us write h{s) = hi{s) + h 2 {s) -!-••• ,ipi{zi,t) = ipi\i{zi,t) + (pi\ 2 (zi,t) and 

9i{zi,s) = 9ni{zi,t) + 9 i\ 2 {zi,t) -!-•••. We will construct h{s) satisfying (13 5.411 by solving the system of 
congruences by induction on m 

(3.5.5) 9i{zi,s) =mi e I, m = l,2,3,... 


Since ao : To{Mi) IHI°(Vb, AT’o/vp) is an isomorphism by hypothesis, is a 

basis of ]HI°(Vo, Since {9i\i{zi,s)} of 0 ^ 11 ( 2 :,, s), i € I, represents a linear form in s whose coefficients 

are in ]HI°(Vbj A/’y^^^y), there exists a linear vector-valued function h^{s) such that 0 ^ 11 ( 2 ,, s) = ip^i{zi, h^{s)) 
which proves (I3.5.5ll i . Now assume that we have already constructed h^{s) satisfying (I3.5.5p ^. We 
will find hm+i{s) such that /i™+^(s) = h^{s) + hm+i{s) satisfy (I3.5.5p .^-i-i . Let Wi{zi,s) = [9i{zi,s) — 
(pi{zi, h"^{s))]m+i- We claim that 

(3.5.6) 1 ^ 2 ( 22 , s) — s), 2 G Ui fd Uj^ 

r 

(3.5.7) - K“( 2 „s),Ao]U,=o + ^wf(2i,s)7)^„(0,2,) =0, 

13=1 

For the proof of (13.5.61) . see |Kod62) p.l60. Let us show (13.5.71) . From (13.5.21) and (13.5.31) . we have 


[Ao,a;“(2i,s)]|^,=o 

—m+l [Aq: 


— m+l [AojWj ( 2 ^, s)] 1 ^^—— m+l [Ao, 0 i (Zi,s) + Wj 

^z“(^Ds)]U,=e,(z,,t) + [Ao,w“ - <ff{zi,h^{s))]\^,^ei{zi,t) =m+i 


-(^“( 2 i,/i'”(s))]U,=e,(zi.t) 

[Ao, 1 C*“ - (Pi{Zi,h’^{s))]\^.=g.(^^.^t) 


—m+l 


13=1 


(0f {zi, s) - {zi,h{s)))Tf^{wi, Zi, h{s)) =„+i V wf {zi, s)TfjO, Zi) 


=1 


This proves (13.5.711 . From (13.5.611 and (13.5.71) . {tjJi{zi, s)} is a homogenous polynomial of degree m-l-1 in s with 
coefficents in so that there exists a homogenous polynomial hm+i{s) of degree 1 in s such that 

uJi{zi,s) = ipi\i{zi,hjn+iis)). Therefore we have V 3 i( 2 i,/i™+^(s)) =^+1 (pi{zi,h^{s))+uJi{zi,s) =m+i 9i{zi,s) 
which completes the inductive construction of /i’"+^(s) satisfying (I3.5.5ll ^^i . 


3.6. Proof of convergence. 

The convergence of the power series h{s) follows from the same arguments in |Kod62j p.160-161. This 
completes the proof of Theorem 13.5.11 

□ 


Example 3. Let [Co)Ci)? 2 ,Cs] homogenous eoordinate on and a hyperplane V defined by ^3 = 0 

so that Afy/ps = 0^(1). Let [ 1 , 21 , 22 , 23 ] = [1, |^, ||, |^]. Consider a Poisson structure Aq = zi-^ A 
on P^. Then R = Py is o holomorphic Poisson submanifold. We compute ]HI'^(y, A/'y^pj) which is the kernel 
V : H°{V,Ov{l)) ^ i 7 °(R,Tp 3 |v(l)). Since [Ao, 23 ] = 0 , 


V(a 2 i -I- bz 2 + c) 


d d 

-[Ao,a 2 i -I- bz 2 + c]|^ 3 =o = ^ 


0 = 6 = 0 
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SO that dime]HI°(V,Oy(1)) = 1. Since [Ao, 2:3 — t]\z 3 =t = 0, holomorphic Poisson deformations of V in 
(P^,Ao) is unobstructed, and explicitly we have a Poisson analytic family of holomorphic Poisson submani¬ 
folds V C (Pe X C, Aq) defined by ^3 — = 0 whose characteristic map 

ToC ^ H0(y, A/-*/p3) = H0(P2, Op.(1)*) 

ai-^-a = 0-zi + 0-Z2 + a 

is an isomorphism so that V is complete. 

Example 4. Let us consider the Poisson structure Aq = zi-^ A on P^ as in Example |3] and a holo¬ 
morphic Poisson submanifold V defined by = ^3 = 0 which is a nonsingular rational curve = P^ and the 
normal bundle TVy/pg is isomorphic to Opi(l) © Opi(l). We compute EI°(E,A/"y^p 3 ) which is the kernel of 

V ; i7°(Pc, Opi(l) © Opi (1)) —>■ -ff°(Pc, Tpg|pi (1) © Tpslpi (1)). Since [Aq, zi] = zi-^, and [Aq, Z3 ] = 0, 

d 

V((az2 + &) © (cz2 + d)) = (-[Ao,az2 + 6]Ui=z3=o + {az2 + b)^) © (-[Ao,cz2 + d]\zi=z3=o) = 0 

UZ2 

0 = 6 = 0. 


so that dimc]HI°(T/,A/'^^p 3 ) = 2 . Since [Aq, Zi]\z 3 =z 3 -tiz 2 -t 2=0 = 0 and [Ao, 2;3 - tiZ 2 - 62 ]Ui= 23 -ti 22 -t 2 = 
holomorphic Poisson deformations ofV in (P^, Aq) is unobstructed, and explicitly we have a Poisson analytic 
family of holomorphic Poisson submanifolds V C (P^ x C^, Aq)) defined by fi = £,3 — ^ 1^2 ~ ^ 2^0 = 0 whose 
characteristic map is 

ToC^ ^ H°(E, AT^/pg) = H0(pi, (Opi(l) © Opi(l))-) 

( 01 , 02 ) i-A (0, O 1 Z 2 + 02 ) 
which is an isomorphism so that V is complete. 

Example 5. Let (A", Ag) be a non-degenerate Poisson ATS surface. Consider {X xC^, Ag) and let {wi, ...,Wq) 
be the coordinate ofC^. Then wi = ■ ■ ■ = Wq = 0 defines a holomorphic Poisson submanifold which is {X, Ag) 
and the normal bundle Mx/xy. C<! is®^Ox- Since Ao|( 3 ._a) e A^Tx\x C A^Txxc\{x,a) for each {x,a) € XxC«, 
and [Ao,Wi] = 0 for i = 1 , ...,q, the obstructions lies in the first cohomology group of the following complex 
of sheaves 

©«0^ : ©«Ox (^QTx ©■? Tx • • • 

whose the 0 -th cohomology group is isomorphic to (B'^H^{X,<C) = C‘^ and the first cohomology group is 
isomorphic to ©‘^iS^(X, C) = 0 so that deformations of X in {X x C^jAg) is unobstructed. Explicitly we 
have a Poisson analytic family of holomorphic Poisson submanifolds V C ((X x C^) x C^, Ag) with (fi,..., tq) 
the last coordinate of which is defined by wi — ti = ■ ■ ■ = Wq — tq = 0 whose characteristic map 

TgC'? ^ ^ ©«C 

(oi, Oq) I— > (oi, ...,aq) 

is an isomorphism so that V is complete. 

4 . Simultaneous deformations of holomorphic Poisson structures and compact 

HOLOMORPHIC POISSON SUBMANIFOLDS 

We extend the definition of a Poisson analytic family of compact holomorphic Poisson submanifolds in 
Definition 13 .0.1 1 bv deforming holomorphic Poisson structures as well on a fixed complex manifold W. 

Definition 4.0.1. Let W be a complex manifold of dimension d r. We denote a point in W by w and 
a local coordinate of w by {w^, By an extended Poisson analytic family of compact holomorphic 

Poisson submanifolds of dimension d of W, we mean a holomorphic Poisson submanifold V C {W x M, A) 
of codimension r, where M is a complex manifold and A is a holomorphic Poisson structure on W x M, 
such that 
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(1) the canonical projection tt : {W x M,A) M is a holomorphic Poisson fibre manifold as in Defi- 

nition [5?0.1I so that A G H^{W x M, •= is a holomorphic Poisson 

submanifold of {W x M, A) for each point t G M. 

(2) for each point t G M, Vt x t := uj~^{t) = V H 7r“^(i) is a connected compact holomorphic Poisson 
submanifold of (W, Aj) of dimension d, where a; : V —> M is the map induced from tt. 

(3) for each point p G V, there exist r holomorphic functions fa{w, t),a = 1,r defined on a neighbor¬ 
hood Up of p in W X M such that rank ’' ift'+d'i = o,nd Up CiV is defined by the simultaneous 
equations faiw, t) = 0,a = 1,r. 

We call V C {W x M, A) an extended Poisson analytic family of compact holomorphic Poisson submanifolds 
Vt,t € M of {W,Kt). We also call V C (W x M,h) an extended Poisson analytic family of simultaneous 
deformations of a holomorphic Poisson submanifold Vtg of for each fixed point to € M. 

4.1. The extended complex associated with the normal bundle of a holomorphic Poisson sub¬ 
manifold of a holomorphic Poisson manifold. 

Let P be a holomorphic Poisson submanifold of a holomorphic Poisson manifold (VP, Aq). We will describe 
a complex of sheaves to control simultaneous deformations of holomorphic Poisson structures and holomor¬ 
phic Poisson submanifolds. We recall that the complex associated with the normal bundle (see Definition 

imm 

(4.1.1) ^vjw ■ ^vjw ^ AV/w ® Tw\v ^ J^v/w ® ^ • 

controls holomorphic Poisson deformations of V^ in (VP, Aq), and the complex 

(4.1.2) A^Tw ... 

controls deformations of the holomorphic Poisson structure Aq on the fixed underlying complex manifold VP 
(see Appendix]^. By combining two complexes (14.1.11) and (14.1.21) . we shall define a complex of sheaves on 
VP: 

{A^T\y © it:J\fv/w)* ■ A^T\y © iitAfv/w —^ ® i*{Jfi'viw ® Tiu|y) —> A^Tyy © iif{J\fv/w ® A^TwIu) —> 

which controls simultaneous deformations of the holomorphic Poisson structure Aq and the holomorphic 
Poisson submanifold V of (VP, Aq), where f : P ^ VP is the embedding. We keep the notations in subsection 

o 

We note that r(VPi,AP+^Ty © i^{Hv/w ® A’PPwW)) = r(VPi, A^+^Ty) © T(Ui,Nv/w ® APTw\v) — 
r(VPi, A^+^Tiy) © (©’T(Di, A'PTw\v))- From these isomorphisms, we define 

V : A^'*'^Tiy ® i*{Mv/w ® A^Tiy|y) —t A^~*'^Tiy ® i*(Mv/w ® A^’^'^Tiyly) 

locally in the following way: 

r(VP„ A^+^Tw) © (ffi"r(P., A^TwW)) ^ r(VP„ A^+^T^) © (ffi"r(t/., A^’+^TwIy) 

r r r 

(n„^g“e“) ^ (-[n„Ao],^[n„<]U,=oe“ + V(^gre“)) 

OL—l OL—l Q;=l 

In other words. 


(-(ni.Ao). [ni.™)]U.=o - (s), Ao]U,=o + (-i)” E a Tfpo, • . [n^. »'■]©.=o - (si. Ao]Ui=o + (-i)*’ E ATf^(o,2 

V 13 = 1 (3 = 1 

First we show that V defines a complex, i.e V o V = 0. Since V o V = 0, we have 

r r r 

V(V(n„ ^ g“e“)) = (0, ^ -[[n„ Ao], n;“]U,=oe“ + V(^[H,, <]U,=oe“)) 


= (0, ^ -[[n„ Ao],<]U.=oe“ + ^ -[[n„n;“], Ao]U,=oe“ + (-1)^+' ^ [n„<]U.=o A 7(^(0,z.)ef) 

oc—1 Oi—1 oc,0—l 
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Hence V o V = 0 is equivalent to 
(4.1.3) 

Let us show (14.1.31) . We note that from (I3.1.3|) . 

r r r 

[n„[Ao,w“]] = ='^wf[U^,Tf^{wi,Zi)] + (-1)^+^ ^[H^wf] A 


-[[n„Ao],a;“]U,=o - [[n„a;“], Ao]U.=o + (-1)'’+'A 7;^„(0,z0 = 0 

/3=1 


3=1 


3=1 


/3=1 


^ [n„[Ao,<]]U.=o = (-l)P+i^[n„n;f]U.=o Ai;^„(0,z,) 

/3=1 

Then (|4.1.3p is equivalent to 

(4.1.4) -[[n„ Ao],n;“]U,=o - [[H,, <], Ao]^,=o + P,, [Aq, n;“]]^,=o = 0 


which follows from —[[Hi, Aq], w“] — [[Hi,inf], Aq] + [H^, [Aojicf]] = 0 by the graded Jacobi identity. This 
proves V o V = 0. 

Next we show that V is well-defined. In other words, on Ui D Uk, the following diagram commutes 


T{Wk,AP+^Tw)®{(B^r{Uk,APTw\v)) T{W,, AP+^Tw) (B APTw\v)) 

(4.1.5) V V 

T(Wk,AP+^Tx) © {(B^r{Uk,AP+^Tw\v)) r{W,, AP+^Tw) © (©"r(C/„ AP+ITh^Iv)) 

Let (n,E;^, 5 fef) G r(Wfe, A^+^t^) ® (®^r(C/fe, APT^Ik)) and let V(ELifffeefc) = ^^.=1 Gf ef, where 
Gf = -[5f,Ao]U,=o + (-l)^E^=i5f ATfjO.Zfe) G r(Gfc, AP+iTh.|k). 

Then V((n,X;a=i 5 fef)) = (-[H, Ao],Ea=i[n,'u.’fc]U.=oef + ELi Gfef) is identified on UiHUk with 

(4.1.6) (-[n,Ao],^ (E^’L(0,Zfc)[n,<]U,=o) ef+ E(E^’l(0.^fe)Gnef) 

j3—l \a—1 / 0—1 Of—1 

On the other hand, (H, X]a=i SfeCf) is identified on Ui D Uk with (H, (Sa=i ) ef) G 

r(Wi, AP+^Tw) © (©’'r(Gi, APTwlv))- Then we have 

(4.1.7) V((n,E (Ej"E(0,Zfc)5fe) ef) = (-[H, Ao], E[n,^ef]U.=oef + V( E T;L(0, ^fe)5fc“)ef)) 

0—1 \a —1 / 0—1 a, 0—1 

Hence in order for the diagram (14.1.51) to commute, we have to show that (|4.1.6I) coincides with (14.1.71) . By 
the equality of (13.1.lip and (I3.1.12p . it is enough to show [H, icf ]|i„.=o = Yla=i Zk)\Bi-,w'^]\u,^=Q which 

comes from (|3.1.ip . and 

^ p.^ef] = E(P>^aX,^fc)p,<]+< p,t’E])- 

OL—l OL — 1 

Hence V is well-defined. 

Definition 4.1.8. ITe call the complex defined as above 

{A^Tw 0 i^J\fy/w)* ■ /^Tw © i*-N'v/w ^ ® i*{-N'v/w © Tw\v) A^’^Tw © i*{Mv/w © APTwlv) 

the extended complex associated with the normal bundle My/w of a holomorphic Poisson submanifold V of a 
holomorphic Poisson manifold W and denote its i-th hypercohomology group by W'{W, {A^Tyr © i*A/V/w)*). 
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4.2. Infinitesimal deformations. 

Let Ml = {t = (ti,..., ti) G C*||t| < 1}. Consider an extended Poisson analytic family V C (W x Mi, A) of 
compact holomorphic Poisson submanifolds 14, t G Mi of (IP, Aj) and let V = Vq as in Definition 14.0.11 We 
keep the notations in subsection l3.2l and subsection l4.1l so that for |t| < e for a sufficiently small number e > 0, 
Vt is defined by Wi = ipi{zi,t) on each neighborhood Wi and, by setting X = 

Ftik{zt) '■= for zt G Vt nWi n Wk defines the normal bundle Afy^/w of 14 in W. For an 

arbitrary tangent vector ^ = J2plp-^ of Mi at t, |t| < e, we let iii{zt,t) = for zt = {(pi{zi,t), Zi). 

Then we obtain the equality 

(4.2.1) 'ijj^{zt,t) = Fuk{zt) ■ i’k{zt,t), for G Vt n Wi n Wfe. 


On the other hand, let Ai{wi, Zi,t) be the holomorphic Poisson structure A on Wi x Mi. Then 
(4.2.2) [Ai{wi, Zi,t), Ai{wi, Zi,t)] =0 

and Ai(wi, Zi, t) is of the form 

r-\-d 

Jry.. _ _ 

dxf dxf 


d d 

Ai(wi,Zi,t) := A,{xt,t) = ^ Al^fj{xi,t)-— A with A(,^(xi, t) =-A^„(xi, t), Xi = {w„Zi), 


a,( 3—1 

by which we consider Ai{wi, Zi,t) as a vector-valued holomorphic function of (wi,Zi,t). Let 'Ki(wi, Zi,t) = 
Then 

at 

(4.2.3) z,, t)} G M°(W, A^Tw) 

By taking the derivative of (14.2.21) with respect to t, we get 


(4.2.4) 


[A,(wi,Zi,t), -[7ri(r(;i,2;i,t), Ai(r(;i,2;i,t)] = 0 


[Ai{wi,Zi,t),Wi - (pi{zi,t)] = ^(wf - (p^izi,t))T(l(wi,Zi,t) 


Lastly, since — (p^{zi,t) = 0, A = 1,..., r define a holomorphic Poisson submanifold, we have 
(4.2.5) 

for some Td{wi, zi, t) which is of the form 

Ttx{w,,Zi,t) = Pti{wi,Zi,t)-^ + ■ ■ ■ + Pi;^{wi,Zi,t)-^ + Q>(^{wi,Zi,t)^ + ■ ■ ■ + Q'(^{wi,Zi,t)^ 
by which we consider TH{wi, Zi, t) as a vector valued holomorphic function of (wt, Zi,t). 


By taking the derivative of (14.2.51) with respect to t, we get 


\dAi{wi,Zi,t) \ X 


dt 




E r ( 


Zi, t)+ Y.p=i{wi - fi (zi, t)) > , By restricting to Vt, equivalently, by setting 


^Ai=i dt ' ^fj. 

Wi = ipi{zi,t), we get, on r(Wi (~l Vt,Tw\vt), 


dAi{wi,Zi,t) ^ dLp^{z^,t)^^ ^ 

[- -(p,{zi,t)]\v, - [A^{wi,z^,t), - — -]|v, = 2^- — - Ti;^((p,(zi,t),z^,t) 


(4.2.6) 


[TT,{wi,Zi,t),w(i\\vt - [^|Ji{zt,t),Ai{w^,Zi,t)]\vt +^tp'({zt,t)T({{(pi{zi,t),Zi,t) = 0 

11=1 


Hence from (I4.2.1|) . (14.2.31) . (14.2.41) and (I4.2.6|) . ({7ri('u;i, t)}, t)}) defines an element of ]HI°(W, (A^Tiy© 

i*A/Vt/iv)*) so that we have a linear map 

© : Tt(Mi) -A IHI*^(W, {A^Tyy © 

d d{At,Vt) 


dt 


M- 


dt 


■■= {{^T^{Wi,Zi,t)},{tl^i{zt,t)}) 


We call at the characteristic map. 
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Example 6. Let [^ 0 )^i)C 2 ] be the homogeneous coordinate on [^iZi,Z 2 ] = Then V C 

(P^ X C^, {zi + tiZ 2 +12)-^ A defined by + ti ^2 + t 2 ^o = 0 is an extended Poisson analytic family of 
simultaneous deformations of a holomorphic Poisson submanifold — 0 of (P^, Ag = zi-^ A ■^) and we 
have the characteristic map 


ToC^ ^ H0(P2 , (A^Tp. © (I))*) 


(a, 6) I—>■ a 


d d 

Z 2 -^ A -^,-Z2 

(JZ\ UZ2 


+ b 


f d d \ 
\dz,^dz 2 ' ) 


Example 7. Let [Coi Cij ^ 2 , ^ 3 ] be the homogenous coordinate on P^. Let [1, zi, Z 2 , Z 3 J = [1, |^, |^, |^]. Then 
V C (Pp X C^, {zi + ti)-^ A ■^) defined by ^1 + ti^g = '?3 + ^ 2^0 = 0 is an extended Poisson analytic family 
of simultaneous deformations of a holomorphic Poisson submanifold ^1 = ^3 = 0 0 / (P^, Ag = zi-^ A 
and we have the characteristic map 


TgC^ —>■ H°(Pc, (A^Tps © i*(Opi (1) © Opi(l))*) 

O 

(a, b) i-A a(— A —, (-1, 0)) © 6(0, (0, -1)) 

Example 8. We construct an extended Poisson analytic family of simultaneous deformations of holomor¬ 
phic Poisson submanifolds of a stable elliptic surface. As in |BHPVdV04j p.202, let z(s) be an arbitrary 
holomorphic function on the unit disk A = {s S C||s| < 1} with Imz(s) > 0. Let G = Z x Z act on Cx A by 
(m, n)(c, s) = (c + m + nz{s), s). The quotient X = (C x A)/(Z x Z) is a nonsingular surface fibered over A 
such that Xg is an elliptic curve with period 1, z{s). Let c' = c + m-\- nz{s), s' = s. Then we have ^ 
and ^ = nz' (s)-^ + ^ so that we get ^A^ = ^ A^ and so A = (s-t)-^ Ais a G-invariant bivector 
field on X X A which defines a holomorphic Poisson structure At on X for each t G A, and Xt : s = t is a 
holomorphic Poisson submanifold of (X,At) since the holomorphic Poisson structure At degenerates along 
s = t. Then V C (X x A, A = (s — t)-^ A defined by s = t is an extended Poisson analytic family of 
simultaneous deformations of the holomorphic Poisson submanifold Xg : s = 0 of (X, s-^A-^), and we have 
the characteristic map 


4.3. Theorem of existence. 


TgC ^ H°(X, {A^Tx © uMxo/xY) 
dd 

a i-A [-a-— A -x-,a) 
oc os 


Theorem 4.3.1 (theorem of existence). Let V be a holomorphic Poisson submanifold of a compact holo¬ 
morphic Poisson manifold (W, Ag). IfMi^fW, {A^Tw ®i*Afw/vY) — 0? then there exists an extended Poisson 
analytic family V C {W x Mi, A) of compact holomorphic Poisson submanifolds Vt,t G Mi, of (W) At) such 
that E = Vg C (IT, Ag) and the characteristic map 

0*0 ■ Tq(^Mi) -g ]HI*^( 1 T, (A^T-14/ © i^ffy/wY) 
d , / g(At,Tt) \ 

9t V 9t 7(^0 


is an isomorphism. 

Proof. We extend the argument in the proof of Theorem 13. 3. ll in the context of simultaneous deformations. 
We keep the notations in subsection l4.ll 

Let {? 7 i,..., T^p,..., ? 7 i} be a basis of ]HI°(W, (A^TV ® i*AJ'w/vY)- s^ch neighborhood Wi (we recall 
Ui = Wt n T), 77p is represented as 

7?p, = (A(’(^i;„z,))©(7p^(2i),■•■,7;^(^^)) Gr(W,,A2Tw)©(©’'r(G,,Gv)) 







DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS 


35 


such that 


(4.3.2) 

(4.3.3) 

(4.3.4) 

(4.3.5) 


KiwuZi) = X^iWj,Zj) 

- [X^{wi, Zi), Ao] = 0 
'Ypii.Z^') — ^iki^z') * ^ppi^z'jj Z G \Ji H t/fc 


[Af(w„Zi),w“]|^,=o - [Ao,7p 


{Zi 


3=1 


wi=o + y^^lp^Tf^{0,Zi) =0, z^gU^, a = l,...,r. 


We note that l|4.3.2l) implies := {X^{wi, Zi)} G H°{W, A'^Tw)- 

Let e be a small positive number. In order to prove Theorem 14.3.11 it suffices to construct vector-valued 
holomorphic functions ipi{zi,t) = {(pl{zi,t),ip'^{zi,t)) in Zi and t with \zi\ < 1, |t| < e with \ipi{zi,t)\ < 1, 
and A{t) which is a convergent power series in t with coefficients in G H'^iW, A^T^f) satisfying the boundary 
condition 


(p^(zi,0) = 0 

dipi{zi,t) 


dto 


t=o = lpi{z) 
A(0) = Ao 


dA[t ), 
dta 


|t=0 


= A^ 


such that 


(4.3.6) ‘Pi{gik{^k{zk,t),Zk),t) = fik{‘p{zk,t),Zk), (ifk{zk,t),Zk) G Wk n Wi, 

(4-3.7) [A(t),w;“ - (p“(zi,t)]|„.^^.(^.,t) = 0, a = l,...,r 

(4.3.8) [A(t),A(t)] =0 

Recall Notation[T] Then the equalities (I4.3.6|) . (I4.3.7I1 . and (I4.3.8|) are equivalent to the system of congruences 


(4.3.9) ip^{g^k{<fTizk,t),Zk),t) =m fik{‘pT{zk,t),Zk), m = l,2,3, ••• 

(4.3.10) [A™(t),w“ - 0, m = l,2,3, a = l,...,r, 

(4.3.11) [A'"(t),A'"(t)] =„,0, m = l,2,3,---. 

We will construct the formal power series (p^{zi,t) and A™(t) satisfying (j4.3.9|) ^. (14.3.101) ,^ . and (j4.3.11l) ^ 
by induction on m. 

We define ip^^^{zi,t) = Y!p=itplpi{zi), and Afyt) = Y^p^itpXP. Then from (I4.3.4p . ipi\i{zi,t) satisfies 
(I4.3.9l) i. On the other hand, from (|4.3.5p . [Ai(t), w“]fy,=o-[A q, + t)T)a(0, Xi) = 

0. Then we get, from (I3.1.3L 


[Ao + Ai(t),u;“ - (/9ffi(zi,t)] = '^{w^ -(fit {zi,t))Tf^{wi,Zi) - [Afyt), (zi, t)] 


3=1 


8=1 




i,t) 


for some Pf^{wi, Zi, t) which are homogenous polynomials of degree 1 in ti ,..., ti with coefficients in r(t7i, Tw) 
so that we obtain [A^(t),'u;“ — i)]Ui=(pi|i( 2 i.t) =i Oj which implies (j4.3.10l) i . Lastly from (I4.3.3p . we 

have —[Ai(t), Ao] = 0 so that [Aq -I- Ai(t), Aq -I- Ai(t)] =i 2[Ao, Ai(t)] = 0, which implies (I4.3.11l) i . Hence 
the induction holds for m = 1. 

Now we assume that we have already constructed t) = {(fl^{zi,t), • • • , (pf'^{zi, t), • • • , (pl'^{zi, t)) 

satisfying (I4.3.9|l ^. (|4.3.10ll ..v. and (14.3.1111 ..,. such that for a = 1, ...r. 


(4.3.12) [A-(t),u;“ - - <pr(z„ t))Tfju;„ z,) + Qr{z^,t) + 


/ A i ri > / . 

3=1 /3=1 


^ W^iPiri.WuZi,t) 
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such that the degree of Pf^{wi, Zi,t) is at least 1 in We note that we can rewrite (14.3.121) in the 

following way. 

13=1 13=1 13=1 

such that the degree of L^^{wi, Zi,t) in ti,..., t; is at least 1 so that (j4.3.12l) becomes the following form: 

(4.3.13) 

r r 

f3=l 0=1 

where K°‘^{zi, t) := Qf"^{zi,t) + (t>i'^{zi, t)Pf^{(ff^{zi, t),Zi,t). 

We set 

(4.3.14) ipik{.Zk,t) := [(pY'{gik{‘fTi.Zk,t),Zk),t) - fik{(pT{zk,t),Zk)]m+i 

(4.3.15) Gf{zi,t) := [[A’”(t),u;“ - (^“""(zi, a = 1, ...,r. 

(4.3.16) n(t) :=[[A-(t),A-(t)]]™+i 

We claim that({(0)}, (^’^^.(z/c, t),..., V'Ifc(-2/c,i))}) © {-^Il{t),{{Gl{z^,t), ...,Gl{zi,t))}) defines a 1-cocycle 
in the following Cech resolution of {A'^Tw © i*J^v/wT 

G^(U, A'^Tw © i*iJ^w/v © A^Tw\v)) 


G^{JA,A^Tw ®i*{.N'w/v ®Tw\v)) - > C^iJA, A'^Tw ® i*{.N'w/v ®Tw\v)) 


-& 


3- G^ {lA, a'^Tw ® i*J^w/v) 


-3 C‘^{IA, A'^Tw © i*-N'w/v) 


C^{IA, a'^Tw © i*J^w/v) 

By defining 'ij3ik{z,t) = 'tpik{zk,t) for (0, Zfe) G l/fc D Ui, we have the equality (see [Kod62] p.152-153) 

(4.3.17) 'tpik{z,t) ='tf}ij{z,t) + Fij ■'tf}jk{z,t), foi z e UiCiUj nUk 
On the other hand, by applying [A'"(t), —] on (14.3.131) . we have 

(4.3.18) 

[i[A-(t), A™(t)],< - ^riz.,t)] = E - A>t{zi,t)] A Tt{wuz.) + - <^f™(z„t))[A™(t), 


3=1 


3=1 


0=1 0=1 

By restricting (14.3.181) to Wi = (fY^{zi, t), since Gf{zi, t) =m 0, a = 1,..., r, n(t) =m 0, the degree L^^{wi, z^, t) 
is at least 1 in ti, ...,t; and we have, from (I4.3.13L 

r 

(4.3.19) G“(z.,t) =^+i Krizr.t) = Qr{z^,t)+J2^^"^izi,t)pf:^{^r{z^,t),z^,t), 

0=1 

we obtain 


(4.3.20) 


A 


-n(t),<]U,=o = E -Ghz.G)ATfjO,z.) + [Ao,G“(z„t)]U,=o 


0=1 


Next, since f^ki^k,Zk)-{9tk{wk,Zk),t)-{ftki‘f'kizk,t),Zk)-‘pf"^{9zk{<pTizk,t),Zk),t)=J2p^^{w^- 
ipl'^{zkA)) • S^^{wk,Zk,t) for some S^^{wk,ZkA)- By setting t = 0, we get f^^{wk,Zk) - ftki^,Zk) = 
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'^k ' Zk,0), and then by taking the derivative with respect to w'^ ans setting Wk = 0, we obtain 

Ui=o = Then we have 


[^'^{t)JSc{wk,Zk) - + [Ao,Cfe(2fe:0]Ufc=o 

=m+i [A™(t),/^(ri;fe,Zfe) -(/?“"* (5r*fc(wfc,^fc),0]Ufc=vr(^fc.*) + V’*“fc(2:fe, ^)]Ufc=vpr(^fc.«) 

=m+i [^'^{t)Jtk{wk, Zk) - (pT"" (a^fc, 2:fc), t) + Cfc(^fe> i)] Ufc =¥Pr .‘) 

r 

/3=1 

r 

^^+1 ^ [A-(t), icf - p^rM)] • sL{pT{zk,t), Zk,t) 

/3=1 


—m+1 


0=1 




fca 


(0, Zfc,0) =m+i G^{zk,t) 


dfikiwk,Zk). 


0=1 


dwl 


|tUfc=0 


Hence we obtain the equality 

(4.3.21) 

\K^{t)jrk{^k,zk)-pr{mk{wk,zk)M^u=^n^u,t) + [fio,^fkM]u=o ^jzGi{zk,t) • 

0=1 

On the other hand, from (14.3.1311 . we have 

r 

(4.3.22) [A'^{t),f^k{wk,Zk) - pf'^{g^k{wk,Zk),t)] = '^{f,i{wk,Zk) - {g^k{wk, Zk),t))T^^(wi, Zi) 

0=1 

r 

+ATf™(Zi, 0 + y] (/ffe {wk,Zk)- (/?f™ {g^k{wk,Zk), t))L^^ (wi,Zi,t) 
0=1 

By restricting (14.3.2211 to Wk = p^{zi,t), we get 

r 

(4.3.23) [A’"(t),/‘^(ri;fe,Zfc) - v7“’"(5*/c(w/c,^fc),0]Ufc=vprOii4) =rn+i '^-ii^i^{zk,t)T^^{Q,Zi) + G'^{zi,t) 

0=1 

Hence from (I4.3.21|l and (|4.3.23L we get 


E 

0=1 


-ilii{zk,t)Tf^{0,z,) + Gf{z,,t) + [Ao,iPrk(.Zk,t)]U=o = j2Gl{zk,t) ■ 

0=1 


dwl 


\wk=0 


Lastly, [Ao,n(t)] =m+i [Aq, [A™(t), A™(t)]] =m+i [A’”(t), [A™(t), A™(t)]] = 0 so that we get 

(4.3.24) _[_in(t),Ao]=0 

Hence from (I4.3.17L (I4.3.20L (I4.3.21|l and (14.3.2411 . 

i{iO)},iiplkiz:k,t),...,Vikiz:k,t))}) © i-^U(t),{{Glizi,t),...,Glizi,t)})) 

dehnes a 1-cocycle in the above complex so that we get the claim. We call ipm+iit) '■= {{'4’lk{^k,t), ..., iplkizki t))}, 
Gm+i{t) := {{Gj{zi,t), ...,Gl{zi,t))} and nm+i(t) := —in(t) the m-th obstruction so that the coefficients 
of (0, V'm+i(t)) © {\Ti^+i{t),Gm+i{t)) in ti, ...,t/ lies in EiyW, {A^Tw ® iMv/wY)- 

On the other hand, by hypothesis, the cohomology group EI^(1H, {A^Tw © i^Mv/w)') vanishes. There¬ 
fore there exists Aj|m+i(t), t), a = l,...,r such that ipikiz^t) = Fikiz)pk\m+iiz,t) - pi\m+iiz,t), 

[Am+i{t),wf]\^,=o+J2}i=i^^m+i(^i^*)'^zti^’^i)-i-^o,Pi\^+iizi,t)]\^,=o = -Gf{zi,t) and -[A^+i(t) , Aq] = 
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in(i). Then we can show (I4.3.9I) .k„-i-i (for the detail, see |Kod62) p.l54). On the other hand, 
(4.3.25) 




where the degree of R^^{wi, Zi,t) is m + 1 in t. Let [A™(t) - Aq, + [A|^+i(t), - 

^i\m+i{zi,t)\ = H^^{zi,t) +Yl'p=i'^i where the degree of Hf'^{zi,t) and M^^{wi,Zi,t) is at 

least m + 2. Then from (I4.3.12p and (I4.3.25L we have 


(4.3.26) 


[A-(t) + A„+i(t), < - t) - t)] 

= [A'"(t),'u;“ - l^“’”(zi,t)] + [A'"(t) - Ao, 0] + [Ao, -‘f7\m+liz^i^i)] 

+ [Am+1 (t), ICj ] + [Am+1 (t) , [zijt) ^i\m+l (-^i, t)] 




/3m 


3=1 




■ + Qr{z„t) - Gf{z.,t) + H^{z^,t) 

Zi,t) + Rf^{wi,Zi,t) + Mf^{wi,Zi,t)) 


We show that [A™+^(t), tcf — =m+i 0. Indeed, by restricting (14.3.261) to Wi = ip^^^{zi,t), 

we get, from (14.3.191) . 

r 

=m+l Qf'^{Zi,t) - Gf{Zi,t) + '^{^pf'^{zi,t) + ^p‘^^^^^{zi,t))P^^{ip^{zi,t) + ^Pi\^+^{zi,t),Zi,t) 

P=1 

r 

=m+l Qi"'{Zi,t) - Gf{Zi,t) + '^(fif"^{zi,t)Pf^{^Y'{Zi,t),Zi,t) =„+i Kf^{zi,t) - Gf{Zi,t) =m+l 0 


which shows (|4.3.10l) r„-i-i . Lastly [A"‘(t)+Am+i (t), A'" (t)+Am+i(t)] =m+i [A’"(t), A™(t)]+2[Ao, Am+i(t)] =m+i 
[A'"(t), A'"(t)] — n(t) =m+i 0 which shows (I4.3.11ll ^-|-i . This completes the inductive constructions of 
ip'^{zi,t)G e /, and k^{t). 


4.4. Proof of convergence. 

We will show that we can choose ipi\m{zi,t) and Am(t) in each inductive step so that the formal power 
series (pi{zi,t),i £ I and A(t) constructed in the previous subsection, converges absolutely for |t| < e for a 
sufficiently small number e > 0. 

We keep the notations in subsection 13.41 For instance, Aq = Ai{wi,Zi) = J2p^q‘Li Zi)-^ A 

with Ap^{wi,Zi) = —Ap^{wi, Zi), where Xi = {wi,Zi) on Wi, and Wf is the subdomain of Wi consisting of all 
points {wi, Zi), |wi| < 1 — 5, \zi\ < 1 — J for a sufficiently small number 5 > 0 such that {IF/|f S /} forms a 
covering of IF, and {Uf = Wf D F|f € /} forms a covering of V. Recall Notation[3] We denote A™(t) on 
IFi by A'^{wi,Zi,t) and IW{t) on IF^ by W^{wi, Zi,t). Then A'^{wi,Zi,t) is of the form 


(4.4.1) 


Ar(t 


r+d 

P, 9 =l 


pq W* Gilt) Q^p A g^q , Apq (Wi ,Zi,t) — ^qp ’ 


t) 


such that Ap° (wi, Zi, t) = Apg{wi,Zi). We may assume that |F’-'^^(0, z)| < cq with cq > 1. Then (pi\i{zi,t) <C 
A{t) and Ani{wi, Zi,t) <C A{t) if b is sufficiently large. Now, assuming the inequalities 

(4.4.2) ip'P{zi,t)A(t), A'^{wi,Zi,t) - Ai{wi,Zi) ^ A{t), {wi,Zi)£Wf 


for an integer m > 1, we will estimate the coefficients of the homogenous polynomials ^i/c(z, t), ni(uii, Zi, t), 
and Gf{zi,t) from (14.3.141) . (14.3.151) . and (I4.3.16p . 

First we estimate ipik{z,t). As in (I3.4.4L we have 

(4.4.3) ipikizk,t) ^ C3A{t), Zk£UknUi, 


























DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS 


39 


where C3 = 2rco^ (x+^ci) 
(4.4.4) 


4cira 

0 > maxjzcira, —j—|. 

0 


Next we estimate Gf{zi,t). We note that 

(4.4.5) 

Gf{Zi,t) =m+l [AT{Wi,Zi,t),wf - 

+ [Ai{Wi,Zi),w'^ - 

We estimate each term in (14.4.51) . First we estimate \\A^{wi,Zi,t) — Ai(wi, Zi), in 

(I4.4.5p . We note that 

(4.4.6) 

d+r ^ p. d-\-r 

p,q—l ^ * p^q —1 

On the other hand, $p™(wi, Zi, t) := k'^^iwi, Zi, t)—Apg{wi, Zi) A{t) from (14.4.21) and has the degree < m 
in t. For any p,q, we expand ^^^(wi,Zi,t) into power series in w}, ...wl whose coefficients are holomorphic 
functions of z = (0, z^) defined on Up. 

(4.4.7) %^{w.,z.,t)= E 

If {wi, Zi) € Wf, we have, by Cauchy’s integral formula, 

f f %^{w„z„t) 


(j)™ 

^ pq,pi,...,Pr 


(ztU) = 


= (— 
\ 27ri 


l\U-y^l\=& J\U-K\=& (^1 - w}Y^+^ ■■■Yr- wlYr+i 


d^i - ■ ■ dY 


^tm 

^ pq,pi,...,Pr 


{Zi,t) < A{t)- 


so that we get 

J/ilH-l-Mr 

Since constant terms of $™(r(;i,Zi,t) with respect to w],...,wl does not contribute to [[A™(r(;i, z^, t) — 
Ai{wi,Zi),wf\\wi=^v'{zi,t)\m+i, from (14.4.71) and (I4.4.8L we have, assuming ^ < 5, (for the detail, see 
|Kod05| p.300) ’ 


(4.4.9) E 

_l_ _L,, -^1 V / 


Pl-\ - \-pr 




Then from (14.4.61) and (14.4.91) . we obtain 


(4.4.10) 


« ^A(tf « ^A{t) 


T'+^l 


[[AT{wi,Zi, t) - A^{wi,Zi), < 2(d + r) A(t) 


Next we estimate [[A^iwi, Zi,t) - Ai{wi,Zi),(ff"^{zi,t)]\wi=vY'Ui’t)^"^+^ (14-4.5F From (14. 4. 2D and 

(13.4.12D . we have 

d+r 


(4.4.11) 


lE - Apgim, Zi))-^ A -^,‘f7""{zi,t)]\wt=vY'{z,,t) 


p,q=l 


d-\-r 


Hence we get 
(4.4.12) 


p,q—l * * 

< 2(d + rfA{t)^ « 2{d + 

d bo 


[[AT{wi,Zi, t) - Ai(wi, Zi), (^“™(zi, t)]Ui=<i,7‘(2i.t)]m+i < 2(d + 


dwf d 
dx\ dx\ 
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We estimate [ki{wi,Zi),wf — 4 ) in (14.4.51) . This comes from (13.4.151) : 

(4.4.13) [[Ai(w,,z,),w;“ - t)]< e 2 A(t), z&Uf 

where 62 = e^r a A(r+d)eira ^ ^ 2 eira. 

Hence from (14.4.101) . (14.4.121) . (14.4.131) . we get 


(4.4.14) 


G“(z.,t) = <.e^A{t) 


, (d+r)^2'’+^o , 2(d+rfa , 

where 63 = - 7-5 -h -h 62 with 


(4.4.15) 


r2a 

b > max{ —, 2 eira| 
0 


Next we estimate Zi,t) = [[A™(wi,Zj,t),A'"(wi,Zi,t)]]m+i- Since Zi,t) =m 0 and 

\i^{Wi,Zi,t) =m+l [A™(Wj,Zi,t), A™(wi,Zj,t)] 

= 771+1 [Aj {wi y Zi^t^ Aj {wi 5 2i), A^ (iCi j Zijt^ A7('ui^j -^i)] T 2 [A7(xc^, 2:7), A^ (xc^,27) A7 (xxi7,27)], 

we have 

(4.4.16) Wi{wi,Zi,t) = [[Af(xci,2i,t) - Ai{wi,Zi),A'^{wi,Zi,t) - A^{wi,Zi)\]m+i 

We note the following two remarks. 


Remark 4.4.17. Let c = X] 

Then [a, 0] = sfl ^ ^ sfrl = Sp.Ql.fe 977 977 sfl " ^7 ’ ^ ^ 


p,q dxp ' ' Ox, 


^ dT^ = ~^<iP ^ 


(7Pg 


0 jdk d 1 0 


A = W o-P'^ ^ _^ A — A 

Oxi. ^v.a.Lk ^ dx^ dxi ' Ox,, 


ddk d<T^^ d A d A d I Aik dcr'^^ d 


dxi ^dxq’’'^ dxi^dxp dx^ ^P,Q,l,k^ dxp dxi dxq ^ dx^ ^ dxi dxp ^ dxq ^ dx^ ^ dx^ dxp 

A _ A A 

dxq dxi dxq dxi ' dxp dxk 


Remark 4.4.18. 

d{A^j!^{x^,t)-A^gixi)) _ 1 


dxi 


2TTi 


l4-a:f l=<5 


s — th s—th 

a;^{xI... ^ ,...,4+^^)-Aj,,(xl,..., ^ ,...,x'}+n,, ^ 

— - T- - ^ 

[^-xfy s 


By Remark 14.4.171 Remark 14.4.181 and (14.4.21) , we have 
(4.4.19) [A™(xx;i,2i,t) - Ai{w^, Zi), A^iw^, Zi,t) - Aywi,Zi)\ 


P) P) P) f) 

= [Y. (^pT(“'*-^i-i)-Aj,,(xc 7 , 27 ))^ A^, ^ (A;™(xx;„2„t)-A;^(xx;„2,))^ A^] 

P.9=l 


dx^ dxi ’ 

‘ ‘ p,g=l 


< 4((i + r)'‘A(t) • < 


A{t) 4(d + rY 


S Sb 

Hence from (|4.4.16|1 and (14.4.19L we obtain 

1 


-Ait) 


(4.4.20) 

where 64 = ° . 


ni(xx;i, 2 i,t) < 4(d + r) A(t) 

2 0 


4/t7i\ ^(^) ^^2(d + r)‘*a 


< 


Sb 


Ait) = caAY) 


Notation 4. We consider = Xa~'J=i ^api^k)^;^ A-^ S r(Wi, A^Tw) to he a vector-valued holomorphic 
function P^ix) = iPaiiixk))a,p=i,...,d+r on Wk- On WinWfe, is translated to J2‘!Cp,p,q=i 

which corresponds to a vector-valued holomorphic function (Xa^'Li Pj/ 3 ( 2 ^fc)^+'^^)p,g=i,...,d+i- on Wi 
denoted by P[ikix)P^ix). 
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Lemma 4.4.21. We can choose the homogenous polynomials z,t),i € I, satisfying 

1 pik{z,t) = Fik{z)ipk\m+liz,t) - (Pi\„,+ i{z,t) 

r 

— Gj {z, i) = 0 , i), ]|u,^=0 ~ VPi\m+li^Zt t), Ao]|uii=0 + ^ ^ V^ilm+liz, t)Tf^(0, z) 

/3=1 

-Il,{wi,Zi,t) = -[A,i^+i{w, z,t), Aq] 

{Qik{w,z,t) = Hik{w,z)Ak\m+i{w,z,t) - Ai\jn+i{w,Z,t) = 0) 

in such a way that (pi\m+iiz,t) <C 04(03 + 03 + e 4 )A(i) and Ai\mj^.i{w, z,t) <C 04(03 + 03 + CifAlf) for 
{w,z) G Wf, where 04 is independent of m. 


Proof. For any 0-cochain (tt, (/?) = ({tTj}, {tpi}), and 1-cochain (0,'i/') © (H, G) = ({0jfc(ro, z)}, {V’jfc(^)}) © 

({nj(xo, z)}, {X]a=i G'i{z)ef}), we define the norms of (tt, ip) and (0, tp) © (11, G) by 

IKtt,:= max sup |7ri(w,z)| + max sup |y)i(z)|, 

® x={w,z)eWi ® zGUi 

||(0,V’) © (n, G)|| := max sup |0ife(w, z)| + max sup |nj(zo, z)| + max sup |'!/)jfc(z)| + max sup |G“(z)| 

x={w,z)eWinWk * (w,z)ewp zeUinu^ 


The coboundary of (tt, p) is defined by 
d(7r, p) := {{-Hik{x)Trkix) + TTiix)}, {-Fikiz)pk{z) + Pi{z)}) 


({-[7r,(a:),Ao]}, {©(;=! [k i{x), wf - [p^{z), AoW^^.^q+ ^p'^^{z)T^^{{), z) \ e“}) 


3=1 


For any coboundary of the form (0, tp) © (If, G), we define 

t((0,V') © (n,G)) = _ inf ||(7r,(^)|| 

(5(7r,(/?) = (O,'0)0(n,G) 


To prove Lemma [4.4.211 it suffices to show the existence of a constant o such that i{{0,ip) © (11, G)) < 
c||(0,'!/') © (n, G)||. Assume that such a constant does not exist. Then we can find a sequence {0,'ip^'^'>) © 
(n(/^),G(^)) such that 

6 ((o,V'^'^))©(n('^\G('^))) = 1 , ||(o,i/>('^))©(n('^),G('^))|| < - 


Then there exists with S{tt^^\p^^^) = (0,, G^'")) satisfying ||7r(^)|| < 2 and < 

2. We note that is a global bivector field in F[^{W, A'^Tw)- We take a covering {Wf} of W and a 
covering {Uf = W/ D Ui} of V. Since |7r(((a;)| < 2 for a; G Wk and \<p'^{z)\ < 2 for z G Gfe = Wk H V, 
there exists a subsequence ■ ■ ■ , , ■ ■ ■ of such that 

converges absolutely and uniformly on for each fc, and converges absolutely and uniformly on 

U^. Since W is compact, we can choose a subsequence that works for all k. On the other hand, since 
11 (0, ) © (n^'^), G(^)) 11 < i, we have 


(4.4.22) Hik{x)TT\^\x) = tt\^\x), x & Wit^Wk, 

I - [7r|''^(a;),Ao]| <-, x€Wf, \['^l^'’\wp‘]\w,=o - 


\Fikiz)p\^\z) - Pi^\z)\ < -, z eU.tlUk 

p 

Ao]k=o + E‘^f^''^^-(0,^)l<-, zGU! 

fl-i k- 


Let 7ri(a;) = lim^, 7r|^”^(a;) and pk{z) = lim.^ (z). Since converges absolutely and uniformly on 

W/, TTi is holomorphic on Wf. Since {Wf} covers W, and 7ri(x) = Hik{x)'Kk{x) for a: G fl Wk, we 
get {7ri(a;)} G H^{W, A^Tw)- On the other hand, Pi” {z) converges absolutely and uniformly on Ui. Let 
TT := {7ri(a:)} and p := {pi{z)}. Then we have IKTrO") — tt, <^0”) — (^)|| ^ 0 as n ^ 00 . On the other hand, 
by (14.4.221) . 5{'K,p) = (0,0) © (-[tt, Aq], {Gi,^,<^}), where -[7r,Ao](a:) = 0 for x G Wf (hence -[7r,Ao] = 0) 
and Gi^Tr,ip{z) = 0 for z G Uf (hence Gi,,r.i^ = 0 by identity theorem) so that 5{'K,p) = (0,0) © (0,0). 
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Hence we have — tt, — (p) = (0,'ip^^'"^) © which contradicts to 

From (14.4.3L (14.4.141) and (14.4.201) . we have 
(4.4.23) 


C4(C3 + 63 + 64) = C4C3 + 6463 + 0464 


8c4CoCir^a f 2 


^ + rci 
0 


C 4 


(d + r)^ 2 ’’+^a 2 (d + r)^o 


bS 


b6 


C 4 


4:{d + rfeir^a ^ 4(r + d)eira 
b 5b 


C 4 - 


2{d + r)‘^a 

lb ■ 


From (14.4.41) , (14.4.151) , (14.4.231) and Lemma 14.4.211 by assuming 


b > 8c4CoCila ( — + rci I + C 4 


(d + r)^ 2 ’’+^a 2 (d + r)^a 


\ / ^2 2 2 4(r + d)eira\ 2(d + r)"^a 

j + C 4 ( 4(d + ryelr^a + — - j + 64 ^ — ^-— 


, 4cira 2a , 

- max{ 2 cira, —-—, —, 2 eira|, 
5 0 


we can choose A{t) and Ai|j„+i( 4 Ci, t) <IC A{t) and so (pi{zi,t) and Ai{wi, Zi,t) — 

Ai{wi,Zi) <C A{t) so that (pi{zi,t) and Ai{wi, Zi,t) converges for |t| < Then we obtain the equality 

^i{gik{^Pk{zkA),Zk)A) = fiki^kizkA),Zk), for |t| < e,{ipkizk,t),Zk) eWf DW^ 

{Ai{^Wi^ ZiA'):’^i {ZiA)]\wi—ipi{zi,t) —0 

[A2 (162, Z2, t), (rCi, Z2, t)] — 0 

for a sufficiently small number e > 0. This completes the proof of Theorem 14. 3. II 

□ 


In the case {A^Tw © i*JVv/w)*) ^ 0, our proof of Theorem 14.3.11 also proves the following: 

Theorem 4.4.24. If the obstruction (0,^rn+i(i)) © (^n„i+i(t), Gm+i(t)) vanishes for each integer m > 1, 
then there exists an extended Poisson analytic family V of compact holomorphic Poisson submanifolds Vt,t € 
Ml, of {W,At) such that Vb = T C (IF,Ao) and the characteristic map 

(To : To{AIi) —>■ ]HI*^(IF, © i^^My/w)*) 

d ^ ( d{A„V,) \ 

9t V dt /t=o 

is an isomorphism. 

4.5. Maximal families: Theorem of completeness. 

Definition 4.5.1. LetV C (IF xM, A) ^ M be an extended Poisson analytic family of compact holomorphic 
Poisson submanifolds ofW so thatui~^{t) = Vt is a compact holomorphic Poisson submanifold of (W, At),t G 
M and let to be a point on M. We say that V ^ M is maximal at to if, for any extended Poisson analytie 
family V C (IF x M',A') M' of compact holomorphic Poisson submanifolds ofW such that Atg = A(, 
and uj~^{to) = uj'~^{to),tQ G M', there exists a holomorphic map h of a neighborhood N' of t'o on M' into 
M which maps t'o to to such that uj'~^{t') = uj~^{h{t')) and A(, = A^y-^ for t' G N'. We note that if we 
set a holomorphic map h : W X N' ^ W x M defined by {w,t') —> {w,h{t')), then h is a Poisson map 
(IF X N',A') -G- (IF X M,A) and the restriction map of h to V'\n' = uj'~^{N') C (IF x N',A') defines a 
Poisson map V'Ia^' —t V so that V'Ia^' *s the family induced from V by h, which means V ^ M is complete 
at to ■ 

Theorem 4.5.2 (theorem of completeness). Let V C (IF x Mi, A) be an extended Poisson analytic family 
of compact holomorphic Poisson submanifolds Vt of(W,At). If the characteristic map 

Po : To{Mi) -G IHI°(IF, {A^Ty/ © GA/V/vb)*) 
d ^ ( d[At,Vt) \ 
at \ at ) 

is bijective, then the family V is maximal at t = 0. 
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Proof. Consider an arbitrary extended Poisson analytic family V' C (W x M, A') of compact holomorphic 
Poisson submanifolds PJ, s € M' of iW, A'f), where M' = {s = (s^,s^) g C®||s| < 1}. We will construct a 
holomorphic map h : s ^ t = h{s) of a neighborhood N' of 0 in M' into Mi with /i(0) = 0, Vf = V/i(s) and 

■^s ^h(s) ■ 

We keep the notations in subsection 14.21 so that the holomorphic Poisson submanifold V* of {W,At) is 
defined on each domain IW, f G / by the equation Wi = and satisfy 

r 

(4-5.3) [A,{wi,Zi,t),wf -ip^{zi,t)] = {zi,t))Tf^{wi, Zi,t) 

13=1 


We may assume that V!. is defined in each domain Wi,i & I hy Wi = 9i{zi, s) where di{zi, s) is a vector-valued 
holomorphic function of Zi and s, \zi\ < 1, |s| < 1, and let A^{wi,Zi,s) be the Poisson structure on Wi x M' 
induced from A'. Then we have 


(4.5.4) 


[A'^{wi,Zi,s),wf -9^{z^,s)] = ^(wf - 9^{zi,s))Pf^{w„Zi,s) 


/3=1 


for some '*) which are power series in s with coefficients in r(Wi, Tw) and Pf^iO, Zi, 0) = T-'^(0, Zi). 

Then Vf = Vh(s) and A), = A;i(s) are equivalent to the simultaneous equations 

(4.5.5) 9i{zi,s) = pi{zi,h{s)), Ai{wi, Zi, s) = Ai{wi, Zi,h{s)), i€l, m = 1,2,3,... 


Recall Notation[T]and let us write h{s) = hi{s) + h 2 {s) + - ■ ■ , pi(zi,t) = ipni{zi, t) + p^ 2 izi, t) + - ■ ■ , 9i{zi, s) = 

9i\i{z^,s) + 9^2izi,s) H- ,A^{wi,Zi,t) = Aj^Wj, z^) + Ani{wi, Zj^t) + Ai\ 2 {wi, Zi ,t) + ■ • - , and A[{wi,Zi,s) = 

Ai(wi, Zi)-|-A'|^(?«j, Zi, s)-|-A'| 2 (wi, Zi,s)-\ -. We will construct h{s) satisfying (14.5.51) by solving the system 

of congruences by induction on m 

(4.5.6) 9i{zi,s) =m A[{wi,Zi,s) =m Ai{wi,Zi,h'^{s)), iGl, to = 1, 2, 3, • • • 


Since (Tq : To(Mi) —>• ]HI°(W, (A^Tw © uAfvg/w)*) is an isomorphism by the hypothesis, any element 
{{Bi{wi, Zi)}, {w^{zi)}) G HI°(1T, © i*Afvo/w)*) can be written uniquely in the form 


/ \ t \ dipi{z^, t) 

^i[z) = ipi\i{Zi,u) = 2 _^ -- \t=ou 


a=l 


dtn 


uf I A I I dAi{wi, Zi,t) 

Bi{w^,Z^) = A^\i{Wi,Z^,u) = 2^ -- \t=ou 


Q!=l 


dp 


for some constant u = {u^,...,u^). Hence since {{A)i^.^^(wi,Zi,s)},{9i\i{zi,s)}),i G I represents a linear 
form in s whose coefficients are in (A^T^y © z*A/Vo/iv)*), there exists a linear vector-valued func¬ 

tion h^{s) of s such that 9i\i{zi,s) = Pi\i{zi,h^{s)), and A),^.^{wi,Zi,s) = Ai\^i(wi,Zi,h^{s)). This shows 
(j4.5.6|l i . Now suppose that we have already constructed h^{s) satisfying (14.5.611 ,^. We will find hm+i{s) 
such that /i™+^(s) = /i""(s) + /im+i(s) satisfy (|4.5.6l) „,^i . Let uji{zi,s) = [9i{zi,s) - (p^{zi,h'^{s))]m+i, and 
Bi{wi,Zi,s) = [A^{wi,Zi,s) - Ai{wi,Zi,K^{s))]m+i- We claim that 


(4.5.7) 

(4.5.8) 

(4.5.9) 

(4.5.10) 


uJi{zi,s) = Fik{z) ■ 0 Jk{zk,s) 

r 

[B,{w,,Zi,s),wf]\nji=o - [w“(z*,s), Ao]U,=o + ^ wf (zi, s)7)^(z,) = 0 

f3=l 

Bi{wi,Zi,s) - Bj{wj,Zj,s) = 0 

[-^2 5 ^ i ') ) -^ o ] — 0 


(|4.5.7p follows from [Kod62] p.l60. Since A'-{wi,Zi,s) = A' (wj,Zj,s) and A^ (wi ,Zi,t) = Aj[wj , Zj ,t), we get 
(14.5.9p . Since 2[Ao, Zi, s)] =m+i [A'(wi,Zi,s) + Ai(u;i, Zi, li'"(s)), A'(u;i, z^, s) - Ai{wi,Zi,h'^{s))\ = 0, 
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we get (14.5.101) . It remains to show (I4.5.8p . From (14.5.31) and (I4.5.4L we have 

[Ao,Caj ( 2 ^ 2 , s)] 0 =m+l [^ 2 ( 1112 , 22, a), ^)]\'Wi—0i{zi,s) 

=m+l [A[{Wi,Zi,s),e^{Zi,s) -w^ +W^ - (p“( 2 i,h™(s))]|, 2 ;.=e 2 (z 2 .s) 

=222+1 [A2 (1112,22, s), 1+2 ^2 ^)] 12222—02(22,s) 4” [A2 -2^22 '^)l '1^2 ip^i^Z^^H ('^ ) )] | 2222 — 02 (22 , s) 

=m+i [Bi{wt,Zi,s),wf - Vj“(22,h™(s))]|,222=02 (+.s) + [At{wt,Zt,h'^{s)),wf - (pf{zi,h'^{s))]\^.= 0 .(^^.^s) 


—m+1 


—m+1 


[Si(ii; 2 , 2 i, s), ^ 2 “] 1 , 222=0 + {z^, s) - vjf {zi, h{s)))Tf^{0i{z^, s), z^, h{s)) 

/3=1 
r 

[Bi{w^,Zi,s),w^]\^,,=o + '^uj^{zi,s)Tf^{0,Zi) 

/3=1 


This proves (|4.5.8|) . From (I4.5.7F (I4.5.8F (I4.5.9p . and (|4.5.10|) . ({i 3 i(w 2 , 2+ s)}, {a;2(2i, s)}) is a homogenous 
polynomial of degree to+ 1 in s with coefficients in EI°(+ {A'^Tw(Bi*Mvo/w)*) so that there exists a homoge¬ 
nous polynomial hm+i{s) of degree m-|- 1 in s such that uji(zi,s) = (pi\i{zi, hm+i{s)), and Bi{wi, Zi, s) = 
A^i{wi, Zi,hm+iis)) so that we have <^ 1 ( 22 ,/i™+i(s)) =m+i Pi{.Zi,h'^{s)) -I-<+ 2 ( 22 , 5 ) =m+i diizi,s), and 
Ai{wt, Zi,h'^+'^{s)) =m+i Ai{wi,Zi, K^i^s) ) + Bi{wi,Zi,s) = 2 „+i A[{wi,Zi,s), which completes the inductive 
construction of /i™+^(s) satisfying (I4.5.6l) r„-Li . 


4.6. Proof of convergence. 

The convergence of the power series h{s) follows from the same arguments in |Kod62j . This completes 
the proof of Theorem l4.5.21 

□ 

Example 9. IFe describe holomorphic Poisson structures on rational ruled surfaces Fm = P(Opi(m) © 
Opi),m > 0 explictly. Fm can be represented in the following way. Take two copies of Ui x = 1,2, 
where Ui = C and write the coordinates as ( 2 , [■Coj^i]) (^nd ( 2 ', [CoiCi])- Patch Ui xPf.,i = 1,2 by the relation 
2 ' = i and set f. = ^ and ^' = |f. Then we have = -z^-g^ + mz^-^ and 

= 2 “™^ so that ^ A ^ A IFe note that a holomorphic bivector field on Ui x 

is of the form {d{z) + e{z)f + f{z)f'^)-^ A and a holomorphic bivector field on U 2 x is of the form 
{p{z') + q{z')f' + r{z')^'‘^)-^ A , where d{z), e{z), f (z) are entire functions of z and p{z'),q{z'),r{z') are 
entire functions of z'. For a holomorphic bivector field on ¥m which has the form on each Ui x P^, we must 
have d{z) + e( 2 )^ + f{z)e = -(p(y) + q{\)z'^£, + r{\)z'^^^'^)z-'^+^ = -p{\)z-^+^ - q{\)z'^^ - r{\)z^+^e 
so that 



(1) In the case of m = 0, we have d{z) = oq + ai 2 + 022 ^, e[z) =bo + biz + b 2 Z^, f{z) = cq + ciz + C 2 Z^ 
so that H^(Fo, A^Tpg) = C®. 

(2) In the case of m = 1, we have d{z) = oq + ai 2 , e[z) = 5o + biz + b 2 z‘^, f{z) = cq + ciz + 022 ^ + 032 ^ 
so that i7°(Fi, A^Tpj) = C®. 

(3) In the case o/m = 2, we have d{z) = uq, e{z) = bo + biz + b 2 Z^, f{z) = cq + Ci 2 + 022 ^ + 032 ^ + 042 "^ 
so that H°{F 2 , A^Tpj) = C®. 

(4) In the case of m > 3, we have d{z) = 0, 6 ( 2 ) = bo + biz + b 2 z'^, f{z) = cq + Ci 2 + • ■ • Cm+ 22 :'"^^ so 

that H°{Fm, A^TpJ = . 

In the sequel, we keep the notations in Example [S] 

Example 10. Let us consider a rational ruled surface Fq = Pj- x P^. Let us consider the Poisson structure 
Aq = Then ^ = 0 defines a holomorphic Poisson submanifold on Fq which is a nonsingular rational 

curve = Pp and the normal bundle is = Opi. We compute ]HI°(Fo, {A^Tp^ © uA/pi/p’^)*) which is the 
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kernel ofV : A^Tp^) © C —)■ i7°(Pc, Tp^ |pi). Since [Aq,^] = we have as the image ofV, 

d d d 

[(ao + aiz + a 2 Z^ + {bo + biz + b^z^)^, + (cq + ciz + C 2 Z^) 5 ^) ^ A —,^]|{=o - d— 

d d d 

= -{ao + aiz + a 2 z‘^)— - d— = -{ao + d + aiz + a 2 Z^) — 

where d is a constant. Hence dimEI°(Fo, {A^Tpg © i*(A/ipi/pp)) = 7. 

d d 

[(-d + (1 + &o + biZ + b 2 Z^)^ + (co + CiZ + ^ ~ ^]l«=<i 

d d d 

= —{bod + Cod^ + {bid + cid^)z + (&2d + C2d^)z‘^)— = V((6od + cod^ + {bid + cid^)z + {b2d + C2d^)z^)— A ^> 0 )) 
so that obstruetion vanishes and an extended Poisson analytic family 

V C (Fo X C^, (-d - {bod + cod^) - {bid + cid^)z - {b2d + C2d'^)z'^ + (1 + 5 o + biz + b2z‘^)f + (cq + ciz + C2z‘^)^'^) — A — ) 

oz of 

defined by f, = d has the characteristic map 

TqC^ —>■ EI°(Fo, (A^Tpu © it{Afpypg)) 

d d 

{ao,ao) H> {{-ao + {ai + a 2 Z + aoz‘^)f + (04 + a^z + aoz‘^)f'^)— A —, oo) 


dz df' 


which is an isomorphism so that V is complete. 


Example 11. Let us consider a rational ruled surface Fi. Let us consider the Poisson structure Aq = 
d'hen ^ = 0 defines a holomorphic Poisson submanifold on Fi which is a nonsingular rational curve 
= and the normal bundle is = (!lpi(—1) so that H^{Ff^,J\fpypfi = 0. We compute (A^Tp^© 

FA/pi/pJ*) which is the kernel ofV : id°(Fi, A^TpJ id°(Pp, Tpjpi (—1)). Since [Aq,^] = we have 

as the image ofW, 

Q Q Q 

[(ao + aiz + {bo + biZ + 622^)^ + (co + ciz + C2z'^ + — A ^,^]|5=o = -(ao + oiz) 

so that H°(Fi, (A^Tpj © FApi/pJ*) = 7 and an extended Poisson analytic family 

d d 

V C (Fo X C^, ((1 + bo + biZ + b2Z^)f + (co + ©z + C2Z^ + caz^)^^)— A —) 


dz 


defined by f, = d has the characteristic map 

ToC^ —> IHI*^(Fi, (A^Tpj © F(A/pi/p^)) 


dz d^' 


d d 


(oq, Oq) I—>■ {{ao + aiZ + a2Z + (oa + a4Z + a^z + Ogz )C A 0) 


dz df 


which is an isomorphism so that V is complete. 


Example 12. Let us consider a rational ruled surface Fm,m > 3. Let us consider the trivial Poisson 
structure Aq = 0 on F^. Then ^ = 0 defines a holomorphic Poisson submanifold which is a nonsingular 
rational curve = P^ and the normal bundle is A/pi/p^ = Opi{—m) so that F°(P^,A/pi/p^) = 0. Hence 
EI°(Fm, (A^Tp^ © **A/pi/p„)*) = H^{Fm, t\^Tp^) = Let us consider an extended Poisson analytic 

family V C (F„ x C™+®, A(t) = ((^o + + (^3 + ^ 4 ^ H-^ A defined by^ = 0. 

Then the characteristic map 

FoC”^+® ^ H0(F^, (a"Fp^ © i,A7pi/p^)*) 

{ao,..., am+ 5 ) ( ((ao + aiz + a2Z^)^ + {as + a4Z + • • • + am+5z"‘~'~^)f^)-^ A —, 0 

is an isomorphism so that V is complete at 0. 
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5. Stability of compact holomorphic Poisson submanifolds 

We extend the definition of a fibre manifold in |Kod63) in the context of the holomorphic Poisson category. 

Definition 5.0.1. By a holomorphic Poisson fibre manifold, we shall mean a holomorphic Poisson manifold 
(W, A) together with a holomorphic map p of W onto a complex manifold B such that the rank of the 
Jacobian of p at each point ofW is equal to the dimension of B and A £ P[^{W,/\^Ty^/b) with [A, A] = 0. 
For any point u € B, the inverse image p~^{u) = (Wu, A„) is a holomorphic Poisson submanifold of (W, A) 
and call it the fibre of (W, A) over u. We will denote the holomorphic Poisson fibre manifold (W, A) by the 
quadruple {yV,A,B,p). We note that a holomorphic Poisson fibre manifold is a Poisson analytic family in 
the sense of [Kiml4b| when fibres are compact. For any subdomain N of B, we call the holomorphic Poisson 
fibre manifold (p“^(A^), A|p-i(^), Af,p) the restriction o/(>V,A) to N and denote it by (>V,A)| 7 v. Let V be 
a holomorphic Poisson submanifold o/(>V,A)| 7 v such that p{V) = N. We call V a holomorphic Poisson 
fibre submanifold of the holomorphic Poisson fibre manifold (W, A)|jv if and only if (V, A|v, A^,p) forms a 
holomorphic Poisson fibre manifold. If, moreover, each fibre Vu = V D Wu,u € N, ofV is compact, we call 
V a holomorphic Poisson fibre submanifold with compact fibres of the holomorphic Poisson fibre manifold 

(W,A)U. 

We extend the definition of stability in |Kod63) in the context of the holomorphic Poisson category. 

Definition 5.0.2. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold 
(W, Aq). We call V a stable holomorphic Poisson submanifold of (W,Aq) if and only if, for any holomorphic 
Poisson fibre manifold {yV,A,B,p) such that p~^{0) = (W, Aq) for a point 0 € B, there exist a neighborhood 
N of 0 in B and a holomorphic Poisson fibre submanifold V with compact fibres of the holomorphic Poisson 
fibre manifold (W, A)| 7 v such that V CiW = V. 


5.1. Stability of compact holomorphic Poisson submanifolds. 

Theorem 5.1.1 (compare [Kod63) Theorem 1). Let V be a compact holomorphic Poisson submanifold of a 
holomorphic Poisson manifold (W, Aq). Let be the complex associated with the normal bundle My/w 

as in Definition 's. 1.1^ If the first cohomology group 11^(1/, vanishes, then V is a stable holomorphic 

Poisson submanifold of{W,Ao). 

To prove Theorem lfi.l.ll we extend the argument in [Kod63) p.80-85 in the context of holomorphic Poisson 
deformations. We tried to maintain notational consistency with [Kod63] . 

Let {yV,A,B,p) be a holomorphic Poisson fibre manifold such that p“^(0) = (IT, Aq) for a point 0 G B 
and let {u^,...,u'^) denote a local coordinate on B with the center 0. Considering T C IT C W as a 
submanifold of (>V,Ao), we cover T by a finite number of coordinate neighborhood Ui in W and choose 


a local coordinate {zi,Wi,u) = {z\. 


, ...,u’^') such that the simultaneous equations w} = 


= 

Wk—U — [j 

Then the normal bundle of T in W is defined by the system of transition matrices 


= = • • • = = 0 define V. We assume that each neighborhood Ui is a polycylinder consisting 

of all points {zi,Wi,u), \zi\ < 1, IwiI < 1, |u| < 1. On the intersection Ui f]Uk the local coordinates z°‘,w^ 
are holomorphic functions of Zk, Wk,u: zf = gfi^{zk,Wk, u),a = 1, ...,d, = f.^i^{zk,Wk, u),X = 1,..., r. Note 

that /j^(zfc,0, 0) = 0. We set Uk = V CiUk- We denote a point on T by z and, if z = (zfe,0,0) G Uk, we 

call Zk = (z^,...,z^) the local coordinate of z on Uk- We define a^kpi^) — 

/ 9fAUk,Wk,u) \ 

V / Wk—w—C 

aik{z) 5,z(z)^ have the exact sequence 0 ^ Afy/w —^ A/V/w ^ ^ 0. On the other 

hand, since w] = ■ ■ ■ = wl = = ■ ■ ■ = u‘^ = 0 defines a holomorphic Poisson submanifold, [A, wf] = 

J2^p=iWfTf^izi,Wi,u) + J2l=iu''T^a^izi,Wi,u) for some Tff^{zi,Wi,u) G T{Ui,Tw), 7 = 1,•■•,?' + <?, and 
[A,m^] = 0. We note that r^(zi,0,0) G T{Ui,Tw\v)- Setting := 0 for p = l,...,g ,7 = 

l,...,r + q, we can write [A,u^] = Ep=i(^u lai, m) + 

We note that we can extend 0 —>■ My/w A/V/w (B'^Oy — 0 to obtain an exact sequence of complex 

of sheaves 


(5.1.2) 


0 —>■ Myjyj- —> i?* -G Of -G 0 : 
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Viv 


Vw 


-l-Allv' 



0 

- > A/y/vy ® A Ayyly 

- > R := A/y/w 0 A Tyy|y 

-^ Q2 _ ^2 _ 

-S' 0 


Viv 


Vw 


-[-.A]|v 



0 

- > A/y/iy®Tvy|y 

- R := A/y/w © Aiy |y 

-^ Ql := ©Myyly — 

-^ 0 


Vw 


Vw 


-[-.A]|v 



0 

-1 J^v/W 

-^ R° :- 

A/y/w 

-^ Q° :- 

©«Oy 

-^ 0 


where the first vertical complex is the complex associated with the normal bundle A/y/vF the second 

vertical complex R* is the subcomplex of the complex A/'y/yy associated with the normal bundle Afy/w as 
in Definition l3. 1.131 First we show that the second vertical complex is well-defined. Indeed, we simply note 
that = 0 ,p= l,...,g,/3 = l,..,r + q, Tll{zi, 0 , 0 ) G r{Ui,Tw\v),a = l,...,r,/3 = l,...,r + q, 

and -[5,A]|y G r{U,, AP+^Tw\v) for g G T{U,, APTw\v)- 

Next we show that the sequence of complex of sheaves (15.1.21) is well-defined. In other words, the above 
diagram commutes. The commutativity of the first two complexes follows from the following local commu¬ 
tativity: 

(-[/.b A] + (-l)" /f TfpzU, -lf[, A] + (-l)P -► (-[/A A] + (-l)P .... -[/f, A] + (-l)P £3=1 


where (//,... ,/r) G APTw\v)- On the other hand, the commutativity of the last two complexes 

follows from the following local commutativity: 


(-[/AA]|v + (-l)^Est’iAfTfj(zU....,-[/f,A]|v + (-l)rEst’i'‘fTA(^i).-[9AA]|v,--.-[s|.Al|v) 


(-[9f,A]|v....,-[9« A]|v) 


where (/i,...,/f, ..., G ©’■+«r([/„ APT^jy). 

Since V is compact, ]HI°(fo, Q*) = Oy) = so that from the hypothesis M^{y,Ny^y^) = 0 and the 

exact sequence 0 —>■ My/yf ^ i?* —)■ Q* ^ 0, we obtain an exact sequence 

(5.1.3) 0 ^ m°{V,Nw/v) ^*) ^ ^ 0 

Note that any element of ]HI°(y, i?*) is a collection {'!/)i(z)} of vector-valued holomorphic functions 

defined respectively on Ui satisfying + YZ=ib^kpi.z)V^^ and A]|y -h 

E^=i -f = 0, A = l,...,r and we have ...,' 1 /’’'+'^). 

Let = {t = (ti,...,tjj) G C^lltj < e}, where e is a small positive number. Consider a Poisson 
analytic family T of compact holomorphic Poisson submanifolds Vt,t G AA, of (W,A) such that Vq = 
V (see Definition 13.0.ID . Then A" is a holomorphic Poisson submanifold of (W x M^,A) such that A D 
(W X t) = Vt X t. We assume that A is covered by the neighborhoods Ui x M^. On each neighborhood 
Hi X Mg, the holomorphic Poisson submanifold A is defined by simultaneous holomorphic equations of 
the form = 9^{zi,t), A = l,...,r,= 6(’'+P(f), p = l,...,q. For any tangent vector ^ 

of Me at t = 0, we set ,A = 1,..., r, ,P = and let 

tpi(z) = (i/’i (z), ...,^[(z),^’’+^, ..., 1 /:'’+'?). Then the collection {ipi{z)} of '4’i{z) represents an element of 
M^{V,M^^y) = ]HI°(P, i?*) (see subsection 13.2|1 . With this preparation, we prove 

Theorem 5.1.4 (compare [Kod63) Theorem 2). There exists a Poisson analytic family A of compact holo¬ 
morphic Poisson submanifolds Vt, where t G M^,e > 0, of (W, A) such that Vq = V and the characteristic 
map: ^ ^-14=0 maps the tangent space To(Me) isomorphically onto ]HI°(P, A/"^yy) = IHI°(P, A*) provided 

that cohomology group ]HI^(P, Af^^y) vanishes. 
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Proof. Let n = 11°(F, i?*). We can choose a base {/3i,of ll°(y, i?*) such that = lifi; = n —g + p 
or = 0 otherwise for p = 

We shall construct on each neighborhood Ui x a vector-valued holomorphic function of the form 
4 >i{zi,t) = {9l(zi,t), where t = 

satisfying the boundary conditions 


(j)t{zi,0) = 0, 
d(j)i{zi,t) 


dt 


= Py^{z), v = l,...,n. 


■V / t=o 


such that 

(5.1.5) 

(5.1.6) 


4>iigikizk,4>kizk,t)),t) = fikizk,(l>kizk,t)), 

[A, 0^ (^25 ^)] 0, o; 


(Note that we have [A, — tn-q+p] = 0, p = 1,..., q so that we do not need to consider them.) 

Recall Notation [TJ Then (15.1.51) and (I5.1.6P are equivalent to the system of congruences 

(5.1.7) (j)Y'igik{zk,(l>T{Zk,t)),t) =m f^k{zk,(t)T{Zk,t)), 771=1,2,3, 

(5.1.8) [A, 0, m = 1, 2, 3, • • • , a = 1,..., r 

As in the proof of Theorem 13.3.11 we will construct the formal power series 

4>T{Zi,t) = (9l^{Zi,t), ■ ■ ■ ,9l^{Zi,t),tn-q+l, 
satisfying (15.1.71) ^ and (15.1.81) ^ by induction on m. 

We define (j)]{zi,t) = X]"=iThen (l5.1.7D i holds. On the other hand, since [A,/3“ (z)]|u,i=u=o = 
T,0t\l3vi{z)Tfy,{zi,O,O),a= [A,wf - 9f^{zi,t)] is of the form 

r q r q 

~ Wi,u) + - tn-q+p)T^~'^^'’{Zi,Wi,u) + ^ wf P^^{Zi,Wi, U,t) uPP^~'^^^{Zi, Wi, u, t), 

0=1 p=l 0=1 p=l 

where the degree of P^ai^i, Wi,u,t),j = 1,..., r -I- g in t is 1 so that (I5.1.8l) i holds. Now we assume that we 
have already constructed (j)f^{zi,t) satisfying (15.1.71) ^ and (15.1.81) ^ such that [A,77;“ — 9f'^{zi,t)] is of the 
form (as in (|3.3.8I) 1 

(5.1.9) 

r q 

[A,wf - 9f'^{Zi,t)] = - 9^"^{zi,t))Tf^(zi,Wi,u) + '^{uP - tn-q+p)Tf^~‘^^^{Zi,Wi,u) + Qf"^{Zi,t) 

0=1 P =1 

+ ^ '>^1 Wi,u,t) + '^ uPpj;^~'^~'~^''"'{zi, Wi, u, t). 

0=1 p=i 

such that the degree of P^^ {zi,Wi,u,t),j = 1,..., r -|- g is at least 1 in t. Let 

f^ik{z, t) =Yn.^i 0^ {qik{zk, (j^k i.^kj ^)fy) fik{zk, f^k i^kj l)) 

G'i{Zi,t) =m+l [A,^^ — 0 r™(^ 2 fy)]U“= 6 »f"‘(zi,t).«P=t„_,+p 

As in the proof of Theorem 13.3.11 we can show that the collection {fiikiz^f)} e C^{U D V,Afv/w) and 
{(Gfyzi, <),..., GC(zi, t), 0,..., 0)} e G°(G n V,Afv/w ® TVvfy) define a 1-cocycle in the Cech resolution of 

Af; 


y/w 


We note that {ipikiz, t)} are in C^{U D V,Nv/w) and {(Gfyzj, t), ...,G\{zi,t))} are in G°(G D V^Mvjw ® 
Tw\v) so that {{il)ik{z, t)}, {(G)(zi, t),..., G’’(zi, t))}) define an element iii'BA{V,Myi^). Since = 

0 , there exists {xii^, t) = t)j Xii^j ^))} which are homogenous polynomials of degree tti-I-I in ti,..., t„ 
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whose coefficients are in C^{U n V,J\fy/w) such that 

r 




(5.1.10) 


-Gt{zt,t) = -[Xi -^o]\wi=o + 0 , 0 ), a= 

0=1 

r 


We define 4’^m+iizz,t) = {xUz^,t), ...,Xiizi,t),0, ...,0). Then (j)T{zi,t) = + 4’i\m+iizz,t) satisfy 

(j5.1.7Pm-|-1 . On the other hand, from (15.1.lOll . we have 

r r q 

-[x?{z^,t),A] = -Gf{zi,t) - J2xHzi,t)Tf^{zi,Wi,u) + ^ 

0=1 0=1 p=i 

where the degree of R]^{zi, Wi, u,t) is m + 1 in t. Therefore we have, from (15.1.911 . 

r q 

[A,w“ - 9i'^{Zi,t) - x7{Zi,t)] = - 9^'^{z^,t) - Xi {z^,t))Tf^{Zi,Wi,u) + '^{uP - tr^-q+p)T[J'P{zi,Wi,u) 

0=1 P=1 

r q 

-G“(zi,t) + Q“™(zi,t) + ^wf{P^^{zi,Wi,u,t) + Rl^[zi,w^,u,t)) + '^uP{Pl;'^'^'''’”"{zi,Wi,u,t) + R"^~‘^"^%Zi, 

0=1 p=i 

Lastly, we note that from (I5.1.9|l . we have 
(5.1.11) 

r q 

Gnz^,t) =„+i + + 

0=1 P=1 

SO that we obtain, from (15.1.91) and (15.1.111) . 

r 

=m+i '^x7{zi,t)Tf^{zi,0,0) + G^{zi,t) - [A,x7{zz,t)]\^,^u=o = 0 
0=1 

Hence ()5.1.8|) ^+i holds. By subsection l3.41 the formal power series (t>i{zi, t) converges for |t| < e for sufficiently 
small positive number e. Let = {t = (ti,...,fy) G C”||t| < e}. Then on each neighborhood Ui x of 
W X Me, the simultaneous equation wf — 9f{zi,t) = — tn-q+r = 0,a = l,...,r,p = l,...,q defines the 

desired Poisson analytic family R of compact holomorphic Poisson submanifolds of fy, t G Mg of (W, A) such 
that Vq = V. This completes the proof of Theorem 15.1.41 □ 


Proof of Theorern, \5.1.1[ Let N,, = {u = (u^, G S||u| < e}, where e is a small positive number. Let 

P C (W X Mg, A) be the Poisson analytic family of compact holomorphic Poisson submanifolds Vt,t £ Mg 
of (WjA) defined by = 9^{zi,t),X = 1,2, ...,r,uP = tn-q+p,p = l,2,...,q onUi x Mg as in the proof 
of Theorem 15.1.41 If we define a linear map u —>■ t{u) = (0,..., 0, ..., m'^) of Aig into Mg, then the union 

V = U„ V)(u) of the compact holomorphic Poisson submanifolds Vt^u ), w G Aig of (W, A) which is defined by 
wA = 9^{zi, 0, • • • , 0, • • • , m'^) := r]^{zi, u^, - ■ ■ , u'^) on Ui forms a holomorphic Poisson fibre submanifold 

with compact fibres of the holomorphic Poisson fibre manifold (W, A)|jv^ with V Cl W = V so that P is a 
stable holomorphic Poisson submanifold of (W, Aq). □ 

As in Theorem 3 in [Kod63] . by combining the exact sequence (15.1.31) and Theorem 15.1.11 we can show 

Theorem 5.1.12. Let {yV,A,B,p) be a holomorphic Poisson fibre manifold such that (lT,Ao) =p“^(0) is 
the fibre of (W, A) over a point 0 £ B. Let V be a compact holomorphic Poisson submanifold of (IT, Aq). 
Assume that IHI^(P,AT^v) = ~ Then, for a sufficiently small neighborhood N of 0 £ B, 


Wi,U,t)) 
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there exists the unique holomorphic Poisson fibre submanifold V with compact fibers of the holomorphic 
Poisson fibre manifold (W, A)|Ar such that V CiW = V. 

Example 13. We keep the notations in Example O Let us consider a Poisson rational ruled surface 
{F 2 , A ^). We show that the holomorphic Poisson submanifold f = 0 of (F 2 , A is 

unstable. Take two copies of Ui x x C, where Ui = C and write the coordinates as ( 2 , [^oi^i])i) CLn-d 
{z'Patch C/i X Pp X C, i = 1, 2 by the relation z' = ^,t = t' and [CqjCi] = +tzfo] and 

denote it by X. Then the projection tt : X —)• C define a complex analytic family of deformations of F 2 . We 
give a holomorphic Poisson structure on X to make a Poisson analytic family. We set f. = ^ and = |f. 
Since F ^ = (z^f + A tt : (X, A = + tz)-^ A —>■ C defines a Poisson analytic family. 

Since ^ = ^' = 0 can not be extended to a complex analytic family as in |Kod63] p.86, it can not be extended 
to a Poisson analytic family as a holomorphic Poisson fibre submanifold of {X, A) so that it is not stable. 

Example 14. Let us consider Fq = P^ x P^ and a Poisson structure Aq = A ^ on Fq. We keep the 
notations in Example IHl We show that the holomorphic Poisson submanifold V : f = 0 is unstable. Let us 
consider a Poisson analytic family (Fq xC, A = (^ — tz)-^A-^). Assume that there is a holomorphic Poisson 
fibre manifold ofV<Z (Fq x B,A), where B = {t € C||<| < e} for a sufficiently small number e > 0 such that 
V|t=o f = ^' = 0. We may assume that V is defined by — ipi{z,t) =0 on Fi x P^ x C and ff — (p 2 {z', t) = 0 
on U 2 C, where Ui = C, i = 1,2 so that we have a relation ipi{z,t) — (p 2 {^,t) =0. Hence ^pfiz, t) is of 

the from ipi{z,t) = f(t). On the other hand, since f, — ipi{z,t) defines a holomorphic Poisson submanifold of 
Fq X C, [A,^ = 0 so i/iai= 0 pi{z,t) = tz which contradicts 

to ipi{z,t) = f{t). Hence V : f = 0 is not stable as a holomorphic Poisson submanifold while it is stable as 
a complex submanifold since H^(V,My/F q) — LI^{^c,Opi) = 0. 


Appendix A. Deformations of Poisson structures 

We denote by Art the category of local artinian fc-algebras with residue field k, where k is an algebraically 
closed field with characteristic 0, and by /c[e] by the ring of dual numbers. 

Definition A.0.13. Let {Y,Aq) be a nonsingular Poisson variety. An infinitesimal deformation of Aq over 
A € Art is an algebraic Poisson scheme {Y xspec{k) A, A) which induces {Y, Ag), where A G H^(Y, A^Ty)®A. 
Then for each A G Art, we can define a functor of Artin rings 

DefAo ■ Art -G (sets) 

A i-A {infinitesimal deformations of Aq over A\ 

We will denote by ]HI*(Y, A^Ty~^) the i-th hypercohomology group of the following complex of sheaves 

(A.0.14) A^T'-i : A^Ty A^Ty aIa^ A^Ty ... 

Proposition A.0.15. Let {Y,Aq) be a nonsingular Poisson variety. Then 

(1) There is a natural identification Fe/Ap(fc[e]) = H°(y, A^Ty~^). 

(2) Given an infinitesimal deformation rj of Aq over A G Art and a small extension 0 —> (t) —> A — 
A —>■ 0, we can associate an element Opie) G H^(y, A^T^~^), which is zero if and only if there is a 
lifting of rj to A. 

Proof. Let A G H°{Y, A^Fy) (8)fc[e] be an infinitesimal deformation of Aq over Spec{k[€]) so that A = Ag + eA' 
for some A' e H^{Y, A^Ty). Since [Ag + eA', Ag + eA'] = 0 so that —[A', Ag] = 0. Hence A' e A^T^~^). 

Now we identify obstructions. Consider a small extension e : 0 — >■ (t) — >• A — >■ A — >■ 0. Let rj be 
an infinitesimal deformations of Ag over A, in other words, a Poisson structure A G A^Ty) 0 A on 

Y Xspgj,(fc) A over A. Let 14 = {Ui} be an affine open covering of Y. Then A is locally expressed as 
Ai G r(Ui, A^Fy) 0 A with [Ai, Aij = 0. Let A^ e H^iY, A^Fy) 0 A be an arbitrary lifting of Ai to A so that 
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[Ai, Ai] = tHi for some Hi G r([/i, A^Ty) and A^ — A^- = tAA for some AA g T{Ui fl Uj^A’^Ty). Then we have 
(A.0.16) f[Ao, n,] = [A„ [A„ A,]] = 0 ^ -[^n„ Aq] = 0 

(A.0.17) (in, - in,) = i[A„ A,] - i[A„ A,] = t[Ao, A',] ^ <5(in,) - [-A',, Ao] = 0 

(A.0.18) ti^'jk ~ ^ik + A(,) = Aj — Ak — Ai + Afc + A^ — A, = 0 —<5(—A(,) = 0. 

nence ({ini}, {~A' }) G C^{U, A^Ty) © C^iU, A^Ty) define a 1-cocycle in the following Cech resolution of 

C°{U,A‘^Ty) 

-[-.Ao] 

C°(U,A^Ty) -^ C^{U,A^Ty) 

-[-.Ao]| -[-.Ao]| 

C^{U,A^Ty) C^{U,A^Ty) -^ C‘^{U,A^Ty) 

Now we choose another arbitrary lifting A' G r(17i, A^Ty)®A of A^. We show that the associated cohomology 
class b := ({^n'j, {—A" }) is cohomologous to a := ({ini}, {~A'^}). We note that A' = Ai + tDi for some 
Di G TiUi.A'^Ty). Then 

(A.0.19) tin'-tin, = i[A',A']-i[A„A,] = [tA,Ao] ^ in, - in'=-[A, Ao] 

(A.0.20) tA" - tA', = A' - A' - A, + A, = t(A - D,) ^ -A', - (-A" ) = -S{D,) 

nence {Di} G C°{U, A^Ty) is mapped to a — 5 so that a is cohomologous to b. So given a small extension 
e : 0 —>■ (t) —i> A —i> A —)• 0, we can associate an element o,,(e) := the cohomology class of a G ]HI^(F, 

We note that Orf{e) = 0 if and only if there exists a collection {Ai} such that Ai = 0 (which means [Ai, Ai] = 0) 
and AA = 0 (which means {Ai} glues together to define a Poisson structure on P x Spec{A)) if and only if 
there is a lifting of ry to A. 

□ 

Remark A.0.21. We have an exact sequence of complex of sheaves 0 —)• A^rj~^ —>■ TJ} —>■ Tx 0 : 


which induces 

(A.0.22) 

(A.0.23) 


-[-.Ao] 


-[-,Ao] 


-A A^Tx -1 A^Tx 


0 - 

-[-.Ao] I -[-,Ao] 

0 -)• A^Tx -^ A^Tx 

-[-,Ao] 

0 -0 -^ Tx 


^ 0 -^ 0 

I 

> 0 - 0 


> Tx -^ 0 


E°{X,A^T^-^) ^U\X,T;.) ^ H^{X,Tx) 

II\X,a‘^T;^-^) (A,Tx) ^tf(X,Tx) 


We also have morphisms of deformation functors 


(A.0.24) DefAo ^ Def^XM) ^ Defx 

where Def^x,Ao) *■5 ^^6 functor of flat Poisson deformations of (A, Aq) (see |Kiml4a) ') and Defx is the 
functor of flat deformations of X (see |Ser06) p.64). Then (lA. 0.221) represents the morphisms of tangent 
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spaces for (I ^4. 0.241) : Dc/aq (fc[e]) 
maps for (IA.0.241) . 


I?e/(x,Ao)(A:[e]) —5> Defxik[e]), and (IA.0.231) represents the obstruction 


Appendix B. Deformations of Poisson closed subschemes 

B.l. The local Poisson Hilbert functor. 

Let X C (y,Ao) be a closed embedding of algebraic Poisson schemes, where (y,Ao) is a nonsingular 
Poisson variety. An infinitesimal deformation of X in (y,Ao) over A S Art is a cartesian diagram of 
morphisms of schemes 

A -^ X c{Y X Spec{A), Ao) 


Spec{k) 


S = Spec{A) 


where tt is flat and induced by a projection from T x S' to 5, and A is a Poisson closed subscheme of 
{Y X S,Aq). Then we can define a functor of Artin rings (called the local Poisson Hilbert functor of X in 
iY,Ao)) 

: Art {Sets) 

A i-A { infinitesimal deformations of X in (T, Aq) over A} 

B.2. The complex associated with the normal bundle of a Poisson closed subscheme of a non¬ 
singular Poisson variety. 

Let (Y, Aq) be a nonsingular Poisson variety and A be a Poisson closed subscheme of (Y, A) defined by a 
Poisson ideal sheaf X. Assume that i : A ^ Y be a regular embedding. Let {Ui} be an affine open cover of 
Y such that A = (//,..., /,^) be a Poisson ideal of r(C/i, Oy) defining X nUi and {//,..., fl^} is a regular 
sequence. Since (//,...,/^) = ), /“ = Yfp^iKjpfj for some G T{Ui D Uj.Oy). Since h/lf 

is free T{Ui D A, Ox)-module and generated by {/“ + lf},a = 1, is uniquely determined, where 

ff-p is the restriction of rf^^ to V{Ui D Uj n A, Ox)- Then the normal sheaf Nx/y '■= AYomox (21/X^, Ox) 
is locally described in the following way: AoTaY-[ijinx,Ox)i^ilAX,Ox) — D X,Ox),4> ^ 

where /“ is the image of /“ G A in h/lh and on [/,©[/,, {g],-,gf) G ®^T{UjAX,Ox) 
is identified with (^^=1 E^=i & ®^Ox{U, n A). 

On the other hand, {ff,...,f[^) is a Poisson ideal, in other words, {f°‘,Oy} C {ff,f[^),a = 
so that [Aq, /“] = for some G T{Ui, Ty). Let be the image of in r{U^ D A, Xf|x)- 

Then we have 

(1) We note that 4,f]Tt = = [Ao, /“] = [Aq, EU [Ao> rT^p]f^ + 

E^=ir“/3[Ao,//] = Ep=i{^o,rf,p]f^+El,=ir!f,pfjTjp. Then ^Tf^-jAo, r“,]- 

Ep=i = 0 so that we get 


(B.2.1) 


N 

\ = [An ] + 

^=1 


N 

0=1 


where [Ao,r“.^] is the image of [A^^rf-^] in r(f7, D A, Xy|x). 

(2) By taking [Aq,-] on [Ao,/“] = E0=i fi^L get /f [^o, if,] - E^=i[Ao,/f] A if, = 0. 

Then EU /^Ao, Tf ] - EI,=i A I^f = /7([Ao, T^] - EU A i;f) = 0 so that we 

get 


N 


(B.2.2) 


8=1 


A T -^ =0 


where [Aq, Tff^] is the image of [Aq, Tff^] in r{Ui O A, A^TvIx)- 
Now we define the complex -M^jy associated with the normal bundle Hxjy'- 


(B.2.3) 


^XlY 


'■ AfxjY ^ A/x/v O Xy|x ^ A/x/y 


•A^XyIj 
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The complex is defined locally in the following way: 


V : ©'^r([/, n X, ^PTY\x) ^ ©'^r(i7, n x, np+^Ty\x) 

N N 

{gl ^ {-1^] + (-If ^ gf A Tf^,+ (-1)" E 9^ A ff^) 

0=1 0=1 


We denote the z-th hypercohomology group of by W‘{X,M^^y). 

Proposition B.2.4 (compare ISerOB) Proposition 3.2.1 and Proposition 3.2.6). Given a regular closed em¬ 
bedding of algebraic Poisson schemes i : X ^ (T, Aq), where (y,Ao) is a nonsingular Poisson variety, 
then 

(1) There is a natural identification 

(2) Given an infinitesimal deformation g of X in (T, Aq) over A G Art and a small extension eiO-^- 

(t) —!> A —>■ A —^ 0, we can associate an element o,,(e) G ]HI^(A, which is zero if and only if 

there is a lifting of g to A. 

Proof. Let U = {Ui} be an affine open covering of Y and let A = (//,..., f[^) be a Poisson ideal of r(17i, Oy) 
defining UiCi X such that {//,••• fi^} is a regular sequence. We keep the notations in subsection IB. 2 1 
A first-order deformation of X in (T, Aq) is a flat family 

X - > A C (Y X 5'pec(fc[e]), Aq) 


Spec(k) 


Spec{k[e\) 


so that X is determined by a Poisson ideal sheaf I generated by {/“ -I- eg°‘},a = 1, ...,N for some gf G 
T{Ui,OY). Let {gl,...,g^) G ©"r(A n Ui,Ox) be the image of {gl,...,gf ) G ©"r(f/i, Oy). Since (// + 

ff‘+egf = E^=i(Ci/ 3 +e**“ 73 )(//+%^) some /i“y 3 G r(c/,n 

Uj,OY) so that we have 5 “ = Yl^=i^ij 0 gi ■ Hence {( 5 I,..., gf'^)} define a global section in H^{X,My/x)- 
On the other hand, since (// + eg },..., + eg^) is a Poisson ideal, we have [Aq, /“ + egf] = X],^=i(/f + 

^gf){TL + for some G r(C/„ Ty). Then [A^ = E^=i 7)^. so that V({(g^ ..., )}) = 0. 

Hence {(gi,...,gf)}GHS(A,A'*/y). 

Now we identify obstructions. Consider a small extension e:0—?>A^A—:>0. Let g := {X C 
{Y X S'pec(A), Aq)) be an infinitesimal deformation of X in (F, Ag) over A. Then X is determined by a 
Poisson ideal sheaf Ia generated by {Ff, in r(17i,Oy) © A such that Ff^ = /“ © 1 mod (m^) and 

{Fi,...,Fj^} is a regular sequence. Since (Fi,...,F/^) = {F^,F^^), we have F“ = ^^ 73 ^/ fo^' 

some i?“yg G r({7i,Oy) ©A. On the other hand, since (F/,...,F/^) is a Poisson ideal, we have [Ao,F“] = 
J 20 =i for some wf^ G r(17j,Ty) © A. Let F“ G r(?7i,Oy) © A be an arbitrary lifting of F“, 

G T{Ui, Ty) © a be an arbitrary lifting of MA^, and G y{Ui D Uj, Oy) © A be an arbitrary lifting 


of i?“^. Then [Ag, F^] - = tGf for some Gf G r(C/., Ty), Ff^ - ^ 0 '=, Rf.pF^ = th^ for some 




N 


G r(C/. n U,, Oy), and R^^ R^0R^k, = ^ O U, O Uk, Gy). We will 

show that {(-G),..., -Gf^)} © {(hL,..., h^)} G C°{U,J\fx/Y ® Ty\x) © G^(G,A/x/f) define a 1-cocycle in 
the following Cech resolution of Afxiy'- 
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C^{UC^X,^^x/Y®^^TY\x) 


C°{Uf^X,^^x/Y®TY\x) 


C\Ur^X,Nx/Y®TY\x) 


-s 


■> C^iJJ C\ X^Mx/y) 


->■ c^ihi n x^Mx/y) 


C^{U^X,Mx/y) 

First we show that V({(-Gj^ ..., -Gf)}) = 0 . As in (IB. 2 . 2 D , we can show 

WL) = 0 so that we have ^ 7 ([Ao, - J 2 p=i % ^ ^L) = J 2 ^=i fi^Qla for some 

QJ^ G r([/^, A^Ty). Then we have 


(B. 2 . 5 ) 


N 


N 


N 


t[Ao, G“] = - ^ [Ao, = - ^ A[Ao, AJ + E ^ A 


3=1 


3=1 


3=1 


N 


N 


N 


N 


N 


3=1 


= - E A[Ao, fi] + E A Aa + E A Aa = - E A([Ao, Aj - ^ ^ ffj + E < a a 

7 = 1 / 3=1 / 3 , 7=1 7 — 1 

By taking — on (|B. 2 . 5 p . we obtain 
(B. 2 . 6 ) 


N 


N 


N 


N 


t[Ao, Gf] = - E f^tQl. + E ^Gf A ffc = ft 

7=1 


3=1 


3=1 


3=1 


^ -[-Gf,Ao] + (-l)iE-Gf AAa = 0 

Next we show that ( 5 ({(—( 5 ^,..., —Gf^)}) + V({Ajy ..., hf^}) = 0 . We have 
(B. 2 . 7 ) 


’ ■ * ■ ’ u ^ 

N N N 


N 


t{Gf - E r?,pG^) = [Ao, Ft] - E " E A“/3 [Ao, Pf] + E A“/3 

^,7 = 1 


'7 

i/S 


3=1 


3=1 


3=1 


On the other hand, we have 


N 


N 


N 


N 


(B. 2 . 8 ) t[Ao, h^] - t E Ac = [Ao, Ft] - E [Ao, A“/ 3 ^/] - E Aa + E AA A A 


N 


/ 3=1 

N 


/ 3=1 

iV 


^,7=1 

N 


= [Ao, Ft] - E A''[Ao, A“/ 3 ] - E A“/ 3 [Ao, f/] - E A"" A. + E AAA A 

^,7=1 


3=1 / 3=1 

p/3 


3=1 


As in ( |B.2.ip , we can show Fj{Y.p=i “ [Ao,^y7] “ E/ 3 =i Rijp^Jp) = 0 so that we have 

EAiA"(SAi AvA - [Ao,A^ 7] -SAi A“/3A^) = EAi fo^ ^ome S 

r([/i n A,n")- Then from (IB. 2. 71) and (IB.2.8F we obtain 
(B.2.9) 

N N N N N 

*(G?-EA“/3GA-t([Ao,/i“]-EA4)= E AAA7/3 + EA[Ao,A“7]- E AAvA 

/3=1 /3=1 /3,7=1 /3=1 /3,7=1 

By taking — on (IB. 2. 91) , we get 
(B.2.10) 

N N N N N 

t(G“ - E rTjpGf) - tijAtJ^] - E h^jTfj = - E mst, = 0 ^ (G“ - E r“/3Gf) + {-\h^] + E A AJ = 0 

/3=1 /3=l 7=1 ,9=1 ;S=1 
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Lastly, we show that hf^)}) = 0. 

(B.2.11) 


N N N N N 

^(E + Ki) = E - E + E - E 

/ 3=1 5=1 5 .' 7=1 5=1 5=1 


N 


N 


= - E 4,^"+ 


3 , 7=1 


N N N N 

E = E('R“fe7 - E ^%pR%,)Pk = E = E 

7—1 7—1 


7=1 


( 3=1 


By taking — on (IB.2.1ip . we get 

N N 

(B.2.12) t(^ + ht^) = ^ = 0 

7=1 


N 


E + hfj = 0 


9=1 


9=1 


Hence from (IB.2.131) . (IB.2.101) and (IB.2.121) . {(-G^,-Gf)} © {(/ih,/i^)} e C°{U n X,JVx/y 
7V|x) © G^(W n XjMx/y) define a 1-cocycle in the above Cech resoultion. 

Now we choose another arbitrary lifting F'°‘ G r(Gi,Gy) © H of F“, another arbitrary lifting € 
r(Gi, Ty) © H of IHj^ and another arbitrary lifting € r(C/i fl 17,, Gy) © A. We show that the associated 
cohomology class b := {(-G^ ...,-G'^)} © {(/I'J, ..., h'^)} is cohomologous to a := {(-G),...,-Gf^)} © 
{(hlj, ...,hfj)}. We note that /'/“ = F“ + tAf for some Af G r(Gi,Gy), f)'f = for some 

bI G r(C/„Ty) and + tCf^^ for some Gg,, e r([/, n G„Gy). 


(B.2.13) 

N N N N 

t{Gr - G“) = [Ao, 7^'“] - E - [Ao, K] + E = [Ao, f^tB^ 

9=1 


/ / i 

9=1 


^ 2 2a ^ -2 z 

9=1 9=1 


By taking - on pTIS] ), we get -Gf - (-Gf) = -[Hf, Aq] + E^=i 
On the other hand, 


N 


N 


N 


N 


(B.2.14) ) = F'“ - E + E - E - E ^^ 573/1 


By taking - on (IB.2.14)) . we get /i'“ - h“- = A“ - X],^=i Gy/9"^f • Hence {(A),..., Af^)} is mapped to 6 - a 
so that a is cohomologous to a. So given a small extension e : 0 —>■ (<) —>• A —>• A —>• 0, we can associate an 
element Orj{e) := the cohomology class a G M}{X,M^iy)- We note that o,,(e) = 0 if and only if there exists 

a collection {F“}, {E-^} and {Yip} that h“- = 0 and Gf = 0,a = 1, 

(1) If Y = 0, then /i“. = fjL] + ■■■ /f Lf for some G T{U, n 1/^, Gy). Then YpPj = 

t(E^=i Hence - Y'p=i{R%p + tLpP^ = 0 so that {Pp ..., P^ = {Pj, ..., if). Hence 

{{PP ...,PP)} is an ideal sheaf on F x Spec{A). 

(2) If G“ = 0, then Gf=flPl + --- + fP for some Pf G r(Gz, Ty), then [Aq, f ] - E"=i Ffff^ = 

tEp=iffPf = tEp^iFfpf. Hence [Ao,f ] = Ep=i Pf {ft + tP,p) so that {Pp.-YP) is a 
Poisson ideal. 

Hence o,,(e) = 0 if and only if there is a lifting of f] to A. 

□ 


B.3. Deformations of Poisson closed subschemes of codimension 1 and Poisson semi-regularity, 
(compare [SerOfi] p. 143-144) 

Let (L, V) be a Poisson invertible sheaf on a nonsingular Poisson variety (X, Aq), where V is a Poisson 
connection on L, and we denote by L*) the Tth hypercohomology group of the following complex of 

sheaves (see [Kiml4ap 

L' : L ^ L®Tx ^ L® A^Tx ^ L © A^Tx ^ • 


(B.3.1) 
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Let s G ]HI°(X, L*) and D = div(s) C (X, Aq) be the Poisson divisor associated with s. Then we have a 
morphism of functors of Artin rings: 

(B.3.2) iLlf^ nef(L,v) 

where Def(^Ly) is the functor of deformations of (A, V) (see IKimldap . Let us consider the following exact 
sequence 0 ^ Ox A A* —>• A^ —0 : 


-[-.Ao] 

0 -^ A^Tx -^ L(^A?Tx -^ Ld®A?Tx\d -^ 0 

-[-.Ao] V 

0 - > Tx —-—A ® Tx -S' Ld ® Tx \ d -!■ 0 

VI 


-.Ao]| v| 


0 -^ Ox —^ A - Ld - ^ 0 

so that we have a long exact sequence 

0^H°(X,C>x) ^IHI°(X,A*) ^M.\X,Ox) ->-Il\D,Ll,) ^lf{X,Ox) ^ 

Then Jq represents the morphism of tangent spaces for (IB.3.21) : H^’^\k[e\) A)e/(i^v)(^[e]) and (5i 

represents the obstruction map for (IB.3.21) . 

Remark B.3.3 (Poisson semi-regularity). Let (X, Aq) be a nonsingular Poisson projective variety. A Pois¬ 
son Cartier divisor D on X is called Poisson semi-regular if the natural map 


M\x,Ox{Dy) ^m\D,OD{Dy) 


is zero. If D C (X, Aq) is Poisson semi-regular and A)e/(i_v) smooth, then is smooth so that 

D C (X, Ao) is unobstructed. 


Appendix C. Simultaneous deformations of Poisson structures and Poisson closed 

SUBSCHEMES 

C.l. The local extended Poisson Hilbert functor. 

Let X C (y, Aq) be a closed embedding of algebraic Poisson schemes where (F, Ag) is a nonsingular 
Poisson variety, and A G Art. An infinitesimal simultaneous deformation of X in (F, Aq) over A G Art is a 
cartesian diagram of morphisms of schemes 

X -^ A c (F X Spec(A),A) 

r] : TT 

Spec{k) - S = Spec{A) 

where tt is flat, and it is induced by the projection from F x S' to A G r(F x S, om^tCLlyig, Oyxs)) 
defines a Poisson structure on F x S over S, A is a Poisson closed subscheme of (F x S, A), and (F x S, A) 
induces (F, Ag). Then we can define a functor of Artin rings (called the local extended Poisson Hilbert 
functor of X in (F, Ag)) 

EH^x'^°^ ■ Art ^ {Sets) 

A I—> {infinitesimal simultaneous deformations of X in (F, Ag)} 

C.2. The extended complex associated with the normal bundle Nx/y of a Poisson closed sub¬ 
schemes of a nonsingular Poisson variety. 

Let (F, Ag) be a nonsingular Poisson variety and X be a Poisson closed subscheme of (F, Ag) defined by a 
Poisson ideal sheaf I. Assume that i : X ^ F be a regular embedding. We keep the notations in subsection 
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We define the extended complex {h^Ty © i^.N’x/y)* associated with the normal bundle MxjY'- 
(C.2.1) 

(A^Ty © i^Afx/vY • ^’^Ty © i^Mx/Y A^Ty © {i*Mx/Y ® Ty\x) A'^Ty © {i*Mx/Y ® A^Ty\x) — 


The complex is defined locally in the following way: 

V : r(C7„ © (©"r(t/, n X, A^T^Ix) ^ T{Ui, A^+^Ty) © (©’©(t/, n X, A^+^TxIx) 

N 


N 


Proposition C.2.2. Given a regular closed embedding of algebraic Poisson schemes i : X ^ (©, Ap), where 
(y, Ap) is a nonsingular Poisson variety, 

(1) There is a natural identification 


EH^^’^°\k[e]) ^ H°(y, (A^Ty © iMx/yY) 


(2) Given an infinitesimal simultaneous deformation rj of X in (Y,Ao) over A € Art and a small 
extension e : 0 —>• (t) —>■ A —>■ A —>■ 0, we can associate an element o^(e) € (A^Ty © AA/x/t)*)) 

which is zero if and only if there is a lifting of rj to A. 

Proof. Let U = {Ui} be an affine open covering of Y and let T = (//, ff^) be a Poisson ideal of T{Ui, Oy) 
defining Uif] X such that {//, • • • ff^} is a regular sequence. We keep the notations in subsection IB. 2 1 
A first-order simultaneous deformation of X in (T, Ap) is a flat family 


A 


-A A c (y X 5'pec(fc[e]), Ap + eA') 


Spec{k[e]) 


Spec{k[e]) 


Since Ap + eA' with A' G H°(Y, A^Ty) define a Poisson structure on y x Spec{k[e]), we have [Ap, A'] = 0. 
Assume that X is determined by a Poisson ideal sheaf I generated by {/“ + egf},a = for some 

gif G r{Ui,Oy). Then {gj,...,gf^) define a global section in H°{X,N'x/y) as in the proof of Proposition 
IB. 2. 41 On the other hand, (// + eg}, + egf’) is a Poisson ideal, we have [Ap + eA',/f + egf] = 


E^=i(/f + ^9^i){TL + for some G r(t/„Ty). Then [Ap,5f] + [A',/f] = so that 

V(-A',(5i,...,gf)) =0. Hence {-A', {{g}, ...,gf^)}) €M°(Y, (A^Ty (B t^x/YT)- _ 

Next we identify obstructions. Consider a small extension e : 0 (t) —?> A —>■ A ^ 0. Let ry := 

(A C (y X Spec{A), A)) be an infinitesimal simultaneous deformation of X in (y, Ap) over A. Then A is 
determined by a Poisson ideal sheaf Xa generated by {Ff ,..., in T{Ui, Oy) ® A such that F“ = /“ © 1 
mod m^, and {Ff, ...,Fl^} is a regular sequence. Let A^ G r(Hi,A^Ty) © A be the restriction of A on 
U,. Since iFl,...,Ff^) = (©/,..,©/), we have Ff = for some G r([/, O [/„Oy) © A. 

Since (F/, ...,F/^) is a Poisson ideal, we have [Ai,F“] = Ffwf^ for some G T(Ui,Ty) © A. Let 

Ai G r(C/i, A^Ty) © A be an arbitrary lifting of A^, Ff G r([/i,(9y) © A be an arbitrary lifting of F“, 
Fia S X{Ui,Ty) © A be an arbitrary lifting of Wf^, and G r([/i,Oy) © A be an arbitrary lifting of 
Rfo. Then [Ai,Ai] = fH^ for some H^ G T{Ui, A^Ty), Ai - Aj = tA' for some A' G r(C/i n Uj,A^Ty), 




[A„ Ff] - FfTf^ = tGf for some Gf G r(C/„ Ty), Ff - 

Uj,Oy), and - Yp=i Ffji^Rjkj = tPA^.^ for some G T{Ui n Uj fl Uk,Oy). We will show that 

({in,},{(-Gi,...,-Gf)}) © ({-AC},{hL,...,h[J}) G C\U,A^Ty ® i.{Mx/y ®Ty\x)) ® C\U,A^Ty © 
i^,N'x/Y) define a 1-cocycle in the following Cech resolution of (A^Ty © AA/x/f)*: 




ijpFc = thfj for some /i“ G T{Ui C 
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C^(lA, A^Ty © **(A/x/f © a'^Ty\x)) 


C\U,A^Ty®u{Nx/y®Ty\x)) C\U,A^Ty®i.{Nx/y®Ty\x)) 


C^(IA, A^Ty © I^^Mx/y) 


-s 


■> C^iU, A?Ty ® i^:fJ’x/Y) 


-A C‘^{JA, A’^Ty ® i^Mx/y') 


First we show that V(({^ni}, {(—G^,..., —Gf^)})) = 0. From (IA.0.161) . we have 


(C.2.3) 


“[ 2 ^*’ ^ 0 ] “ ® 


On the other hand, as in (|B.2.2|) , we can show Yl!^=\ ([^i) so that Yj^=i 

E^=i ^ Tfj = FitQlc = Y.^=i tor some Qj^ G F(Gi, A^Ty). Then we have 


N 


N 


N 


(C.2.4) t[Ao, G“] = [A„ [A„ P-]] Pffi] = /“] - ^ F;^[A„ ffj + ^[A„ Pf] A 


3=1 


3=1 

N 


/3=1 


^ N N N 

= /“] - ^ f;'^[a,, f7J + ^ tGf a Tf„ + ^ a ff„ 


7 = 1 


3=1 


3,7=1 


By taking — on (|C.2.4p . we obtain 


N 


N 


N 


t[Ao, Gf ] = /“] - ^ /7tQ7„ + y] tGf A Pi = m + ^ tGf A T, 

7 = 1 


9=1 


9=1 


(C.2.5) 


-j- - N 

[-n,,m - [-G“, Ao] + (-1)1 ^ -Gf ATf„ = 0 


Next we show that (^(({in,}, {(-G^,...,-Gf)})) + V(({-A' }, {/ji ,/if})) = 0. From ( |A.0.17D , we 


have 

(C.2.6) 

On the other hand, we have 

N 


J(-nf-[-Af,Ao] = 0 


N 


N 


N 


(C.2.7) 


*<G? - E rZ^Gf) = [A., ©1 - E Ffrf„ - E A”s[Aj©"l + j: Atf AA 

/3.7=1 


■7 

i/3 


9=1 


9=1 


9=1 


N N N N 

(C.2.8) /[Ao, /i“ ] - t ^ /if = [A„ Pp] - ^ [A„ ^ Ff ff + ^ i?f .F/ff 

P=1 P=1 / 3=1 , 9 , 7=1 

N N N N 

= [A,, Pp] - ^ i?“^] - ^ i?“^[A, + /Af, f/] - ^ Pffi + ^ Rf,,Fjfi 

/ 9=1 / 9=1 / 9=1 / 3 , 7=1 

As in p.2.1[ ), we can show E^=i ff (E^=i-^^7^71 “ [A*,-/?^^] - T,p=i Rfjp^jp) = 0 so that we have 
EU ^j(Ep=i - [A., ^^“ 7 ] -Sj=i = EfLi F]tS-^ for some G Ty). Then 
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from (|C.2.7p and (|C.2.8p . we get 


N 


N 


(C.2.9) t(G“ - ^ r“^Gf) - t[Ao, /i“] +1 ^ 


3=1 


^=1 


N 


N 


N 


N 


/3,7=1 7—1 ^—1 ^,7=1 

By taking — on (|C.2.9p , we get 

A N N N _ N _ _ 

- E ) - t\K^] + 1 E = - E + E ^7“73 [A 7 , //] = E [a',, //] = ma^-, /f 

/3=1 /3=1 7-1 /3-1 /3=1 

A _ A 

(c. 2 . 10 ) ^ (E 7“/3 • (-Gf) - (-G“)) + [-A 7 , /f] - + E = ( 

0=1 B=l 


Lastly, from (lA. 0.181) and (jB. 2.121) . we have 
(C.2.11) 5({-AL},{(^7-,--^d)}) = 0- 

Hence from JCTa)) , ([CT5| , ([0251 , ( jCTTOl ), and ({^n*}, {{-G },..., -Gf )})©({-AL}, {{h },,..., h^^)}) G 

C^{U, A^Ty © ii:{Afx/Y ® 7V|x)) © C^(W, A'^Ty © i^^Nx/v) define a 1-cocycle in the above Cech resolution. 

Now we choose another arbitrary lifting F/“ G r(Gi,Oy) © A of another arbitrary lifting t 7 g 
T{Ui,TY)®A of h 7 , another arbitrary lifting C r(t /2 n t/j, -A of 7?^-^ and another arbitrary lifting 

A- C r(C/i, A^Ty) 0A of Aj. We show that the associated cohomology class 6 := {(——(5-^)})0 

({-A" }a(^zJ>->Mf)}) is cohomologous to a := ({iHj, {(-G^,...,-Gf)}) © ({-AG}, {(hb,..., }). 

We note that for some Af G r(0,0y), = La + for some G r(G*,TY), 

R'Ap = Rf.p + tCfjp for some G“-^ G r(Gi D Uj^Oy) and A' = A^ + tDi for some Di G r(Gi, A^Ty). Then 


(C.2.12) 


N 


N 


N 


N 


tier - G“) = [A ',Pn - E - a,cl+E + [Ao, tA?] - e tA^pi - E 


9=1 


3=1 


9=1 


By taking — on (IC.2.12L we get 
(C.2.13) 






9=1 


Gf - G“ = [A, /“] + [Ao, Af] - E Af^ -G“ - (-G'“) = [A, /“] - [Ao, -Af] + E -Af 


and from (|B.2.14I) . we have h'“ - hfj = Af - ^S^Af so that {h“- - h'ff} = -(5({-Af}). On the 

other hand, from (lA.0.191) and (lA.0.201) . we have ^H^ — ^H' = —[A,Ao] and —AG — (—A" ) = —5{Di). 
Hence ({A} © {(—A},..., —Af^)}) is mapped to a — 6 so that a is cohomologous to b. So given a small 
extension e : 0 ^ (t) —>• A —>■ A ^ 0, we can associate an element Orj{e) := the cohomology class a G 
]Hl^(y, {A^Ty © uA/7/y)*). We note that o^(e) = 0 if and only if there exists collections {7}“}, (Lf,}, {Rijp} 
and (Ail such that = Q, Gf = 0, a = 1,..., N, H^ = 0, and AG = 0: 

(1) If hfj = 0, then {Pf, ...,FR) = {Pj, ...,P^) so that {{Pn,Pix)} define an ideal sheaf on Y x 
Spec{A). 

(2) If Hi = 0 and AG = 0, then [A^, A^] = 0, and (Aij glues together to define a Poisson structure on 


Y X Spec{A). 

(3) If Gf = 0, then Gf = for some Pf G r(A, A)- Then [A,, Lf] 

so that (A, ■■■PP) defines a Poisson ideal. 


ELiiTt+tPt)Ft 


Hence o^(e) = 0 if and only if there is a lifting of p to A. 


□ 
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